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Lednicky and Lyuboshits (1990) 
Lednicky, nucl-th/0212089 (2002) 
Lisa et al. Ann.Rev.Nucl.Part.Sci.55(2005)357

“Femtoscopy”は、Lenickyによって導入された言葉で、 
femtometerスケールのオブジェクトをscopeするという意味。 
fm    ~ 10-15 m 
fm/c ~ 10-23 s

“HBT”は、同種２粒子の運動量相関測定を指すが、 
“femtoscopy”は、非同種２粒子相関も含めて、より広い意味で使われている。
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I review the history of HBT interferometry, since its discovery in the mid 1950’s, up to the recent developments
and results from BNL/RHIC experiments. I focus the discussion on the contributions to the subject given by
members of our Brazilian group.

1 Introduction
I will discuss the fascinating method invented decades ago,
which turned into a very active field of investigation up to
the present. This year, we are celebrating the 50th anniver-
sary of the first publication of the phenomenon observed
through this method. In this section, I will briefly tell the
story about the phenomenon in radio-astronomy, the subse-
quent observation of a similar one outside its original realm,
and many a posteriori developments in the field, up to the
present.

1.1 HBT

Figure 1. Aerial photo and illustration of the original HBT appara-
tus. They have been extracted from Ref.[1].

HBT interferometry, also known as two-identical-
particle correlation, was idealized in the 1950’s by Robert
Hanbury-Brown, as a means to measuring stellar radii

through the angle subtended by nearby stars, as seen from
the Earth’s surface.

Figure 2. Picture of the two telescopes used in the HBT experi-
ments. The figure was extracted from Ref.[1].

Before actually performing the experiment, Hanbury-
Brown invited Richard Q. Twiss to develop the math-
ematical theory of intensity interference (second-order
interference)[2]. A very interesting aspect of this exper-
iment is that it was conceived by both physicists, who
also built the apparatus themselves, made the experiment in
Narrabri, Australia, and finally, analyzed the data. Nowa-
days, the experiments doing HBT at the RHIC/BNL accel-
erator have hundreds of participants. We could briefly sum-
marize the experiment by informing that it consisted of two
mirrors, each one focusing the light from a star onto a photo-
multiplier tube. An essential ingredient of the device was the
correlator, i.e., an electronic circuit that received the signals
from both mirrors and multiplied them. As Hanbury-Brown
himself described it, they “ ... collected light as rain in a
bucket ... ”, there was no need to form a conventional im-
age: the (paraboloidal) telescopes used for radio-astronomy
would be enough, but with light-reflecting surfaces. The
necessary precision of the surfaces was governed by max-
imum permissible field of view. The draw-back they had to
face in the first years was the skepticism of the community
about the correctness of the results. Some scientists consid-
ered that the observation could not be real because it would
violate Quantum Mechanics. In reality, in 1956, helped by
Purcell [3], they managed to show that it was the other way
round: not only the phenomenon existed, but it also followed
from the fact that photons tended to arrive in pairs at the

1956年 Hanbury BrownとTwissは電波強度干渉の測定により星の大きさ（視直径）を求めた。 
シリウスを始めとして、32個の星の視直径を測定した 
→ Hanbury-Brown and Twiss (HBT)効果と呼ばれる

Sirius

Pict. from Padula, BJP35 (2004)
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FIG. 6. The functions C, (cos8) computed at p =0.75 are
compared with the experimental distribution of angles between
pion pairs. Figures 6(a) and 6(b) give the distributions for like
and unlike pions respectively. Also shown in each is the curve
for C, sM(cos9), the statistical distribution, without the effect of
correlation functions. Here C, represents an average of 44, C~,
and 46, weighted according to the individual charge channels.
The experimental data comes from reference 1 (see also Table I,
footnote a).

It is clear from this figure that the fit to the experi-
mental data is improved for both like and unlike
pions by the introduction of BE correlation functions.
In Tables I and II we give the experimentally

determined values for y together with a series of y
values calculated for various radii of interaction. An
inspection of Table I, which lists also y, shows
again that the bulk of the experimentally observed
deviations from the SM can be accounted for by our
calculations with a reasonable choice of p (i.e., p
between —,' to s of h/pc). "It cannot be concluded now
whether the remaining discrepancy between experi-
mental results and the SM including BE correlation
effects, as evaluated here, is due to experimental
uncertainty or to inadequacies of our model.

IV. CONCLUDING REMARKS

AVe have seen that the BE symmetrization leads to
a fairly satisfactory possible interpretation of the
observed angular distributions. VVe believe that this
conclusion is of importance for the assessment of
evidence for the existence of the strength of possible
x-z interactions. The least the present results indicate
is that if one wishes to extract information about such
interactions from annihilation phenomena, such kine-
matic symmetry effects as here discussed must always
be taken into account.
It may be asked whether further information can

lead to arguments for or against the model here em-
ployed. Several possibilities exist for getting such
information. In the first place one may study six- and
'4It should be noted that the p distribution, calculated by

using the noninvariant form of the correlation function |i|(x),
will probably give a poorer fit to the experimental data than the
invariant form. This is illustrated in E'ig. 5.

TABLE I. Comparison between the experimental values for
y' and y" and the corresponding values derived by use of the BE
correlation functions for p =0.5 and 0.75. Also shown is the value
for the usual Fermi SM. All the theoretical values have been
averaged over the four-, five-, and six-pion distributions as
discussed in the text.

p =0.5 p =0.75
Like
Unlike

1.23a0.10a
2.18~0.12

1.41
1.95

1.38
1.91 1.80

a The experimental data quoted in this paper is essentially the same as
given in reference 1. A small improvement in the available data has,
however, been incorporated involving (1) some additional events, namely
a total of 752 like and 1504 unlike pion pairs coming from (2+,2,no) stars
have been used, and (2) a complete recalculation of all the center-of-mass
momentum and angle values making use of the known incident beam
momentum P-„=1.05 Bevt'c rather than the measured value for each
individual annihilation event.

TAnLE II. List of computed (y'), and (p"), values. The values
for p =0.5 and 0.75 are repeated here for clarity.

P
(A/pc)

0.3
0.5
0,75
1.0
2.0

1.57
1.41
1.38
1.44
1.66

1.91
1.95
1.91
1.87
1.79

higher-prong stars by the same method. Secondly, if
the BE symmetrization is the major source for the
deviations from the usual SM, this implies a specific
dependence of quantities like p", p' on the available
annihilation energy, O'. For the case Ã= 4, this
dependence is shown in Fig. 7. Here we have computed
y4' as a function of p for various values of g, the
available energy in the center-of-mass system. W' e
have chosen for 8' the energies 1.88, 2.5, and 4.4 Bev
corresponding to p laboratory momenta of 0, 2.25, and
6 Bev/c, respectively. It can be seen from Fig. 7 that
the correlation eGects occur at smaller values of the
radius as the energy increases. If a radius of interaction
is a meaningful quantity for the annihilation and does
not depend critically on the incident antiproton
energy, it might be expected that the correlation effects
due to BE statistics will decrease at higher bombarding
energy. Studies of correlation effects as a function of
5" may thus be a test for the ideas discussed in this
paper. Of course, with increasing 5', the relative
fraction of four-pion annihilations will decrease. It is
therefore indicated that if one wishes to pursue the
annihilation process in more detail, an unambiguous
separation into the various individual multiplicities
will become quite imperative. Only if this is done will
curves like those of Fig. 7 and similar ones for other
given S be of any use.
Finally, a comment may be made about the question

of the mean pion multiplicity. It has been suggested
by various people that the high p value obtained from
the SM may be reduced by taking into account the
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Recent observations of angular distributions of ~ mesons in
p-p annihilation indicate a deviation from the predictions of the
usual Fermi statistical model. In order to shed light on these
phenomena, a modification of the statistical model is studied.
We retain the assumption that the transition rate into a given
final state is proportional to the probability of 6nding X free ~
mesons in the reaction volume, but express this probability in
terms of wave functions symmetrized with respect to particles
of like charge. The justification of this assumption is discussed.
The model reproduces the experimental results qualitatively,
provided the radius of the interaction volume is between one-half
and three-fourths of the pion Compton wavelength; the depend-

ence of angular correlation effects on the value of the radius is
rather sensitive. Quantitatively, there seems to remain some
discrepancy, but we cannot say whether this is due to experimental
uncertainties or to some other dynamic effects. In the absence of
information on m-m- interactions and of a fu]ly satisfactory explana-
tion of the mean pion multiplicity for annihilation, we wish to
emphasize the preliminary nature of our results. We consider
them, however, as an indication that the symmetrization e6'ects
discussed here may well play a major role in the analysis of
angular distributions. It is pointed out that in this respect the
energy dependence of the angular correlations may provide
valuable clues for the validity of our model.

I. INTRODUCTION
ECEXTLY a study has been made' in a propane
bubble chamber of "hydrogenlike" annihilations

of antiprotons of 1.05-Bev/c laboratory-system momen-
tum, corresponding to an energy release of 2.1 Bev in
the center-of-mass system. A hydrogenlike event is
defined as one in which equal numbers of z+ and x
mesons are produced and in which no visible evapora-
tion prongs appear. ' The experiment indicates' that
the distribution of the angle between pairs of pions
(in the c.m. -system of p-P) deviates from the prediction
of the conventional statistical model. In particular it
was found that there is a clear difference between the
angular distribution for pion pairs of like charge and
that for pairs of unlike charge. In the statistical model
in its usual sense, there is no room for distinctions of
this kind.
It is the purpose of this paper to indicate a simple

refinement of the statistical model which could possibly
explain the bulk of the effect, and which consists of
taking into account the inhuence of the Bose-Einstein
*This work was done under the auspices of the U. S. Atomic

Energy Commission.
t Permanent address: Institute for Advanced Study, Princeton,

New Jersey.'G. Goldhaber, W. B. Fowler, S. Goldhaber, T. F. Hoang,
T. E. Kalogeropoulos, and W. M. Powell, Phys. Rev. Letters 3,
181 (1959).
2 All center-of-mass transformations were made on the assump-

tion that the struck proton is at rest. From the known annihilation
cross sections in carbon and hydrogen and from the x-multiplicity
distribution, it was deduced that about 85% of the hydrogenlike
events correspond to annihilations on hydrogen.

(BE) statistics for pions of like charge. As we show in
what follows, such an interpretation appears to
reproduce the experimental results qualitatively—
provided, however, that the radius of the volume of
strong interactions is about —„' times the z Compton
wavelength, which is a physically reasonable order of
magnitude. The dependence of the angular effects on
the interaction radius appears to be a sensitive one.
Hence, it would seem that such effects may provide
valuable information on the annihilation mechanism.
It should be stressed from the outset, however, that

results of this study should not be construed to imply
that detailed dynamical effects (such as, for example,
w-rr interactions) are definitely negligible in the dis-
cussion of the kind of phenomena considered here.
The present stage of both our experimental and our
theoretical knowledge of the annihilation process seems
to us to be far too early to make such categorical
statements. In the concluding remarks (Sec. IV), we
briefly discuss the dependence of the BE effect on the
available energy for annihilation. This gives one
instance of how further experimental study may reveal
whether or not the present considerations provide
substantially the correct approach to the problem. It
may directly be noted, however, that the symmetriza-
tion effects which we shall now outline are relevant
regardless of whether &-& interactions are large or small.
For the statement of our ideas, it is helpful to recall

first what the assumptions of the usual statistical
model (SM) are. For definiteness, consider the system

For pub. Phya. Rev. Letter• 
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with “radius” ρ of the interaction volume
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else. ' But if we adhere to isotopic spin conservation
and only consider equal weights for I=0,1 states, the
number of projections of the charge partition
(e+,n, ns) is in general smaller than n', and therefore
some symmetries other than that of like-particle kind
may remain.
Even so, the approximation is perhaps not too bad.

In Appendix I we discuss this in a little more detail;
there it is shown that for S=4 the assumption of equal
weight for the projections of the charge partition (7)
into the various isotopic spin states happens to give
exactly the BE effect between like particles only. It is
then shown, again for E=4, that the SM assumption
of equal weight for the isotopic spin states /rather than
for the projection (7)] leads to a small deviation from
the pure like-particle-only eRect. For the case of
/=5, 6, no such detailed studies have been performed,
but it is made plausible that there also the present
picture may be a reasonable approximation.
Thus it would appear that, as a first orientation at

least, the present assumption of BK symmetrization
is not much less well-founded than any other aspect of
statistical considerations in this domain. %e repeat,
however, that we consider this work as an orienting
approach rather than as a definitive answer and wish
to give one more reason for this reservation. Of course,
an adequate model should at the same time give a
reasonable account of all combined aspects of the
annihilation process, especially also of the mean
multiplicity. The usual SM needs a radius of 2.5
A/pc to account for multiplicities. ' Such a large radius
is devoid of direct physical meaning. As we argue in
Sec. IV, the inclusion of the BK eGect tends to decrease
this value of the radius, but at least in the way we
proceed here, we cannot hope to fit the multiplicities
with a value 0.75 A/pe for the radius, which was
quoted above in connection with the angular-correlation
effect. Until this problem is resolved, our results must
be considered as tentative. Possibly improved angular-
momentum considerations may here bridge the gap,
or, perhaps the presence of a ~-x interaction is making
itself felt. ."
II. STATISTICAL MODEL WITH BE-CORRELATIONS

A. The Correlation Function

As an orientation, consider first the case of X=2
with two identical particles, having momenta y&, y2.
The corresponding Ps(Q) plays an important role in

Proof: if all states have equal weight, we can as well choose
a set of base states that have the following properties: (a) they
have the desired BE symmetry to begin with; (b} they are
orthogonal; (c) their number is just equal to n'. For an example
of such a set of states for %=4, see Appendix I.
9 See for example O. Chamberlain, G. Goldhaber, L. Jauneau,

T. Kalogeropoulos, E. Segre, and R, Silberberg, Phys. Rev. 113,
1615 (1959).
'OE. Eberle, Nuovo cimento 8, 619 (1958); T. Geto, Nuovo

cimento 8, 625 (1958); and F. Cerulus, Nuovo cimento 14, 827
(1959).

what follows and is denoted by lt(12). Thus we can
write

P (12)=
~

I
I Ps(1,2) I

'drtdrs, (9)

Evidently $(12) as defined by Eqs. (9) and (10) no
longer depends only on the size of the interaction
volume 0 but also on its shape. It is premature to
discuss this shape dependence in any detail, but one
point is of some computational interest, namely that
lt (12) for a spherical model, given by Eq. (11), differs
very little from P(12) for a Gaussian-shaped volume:

f(12)= ~
~ P (1,2) ~' exPL—(rts+rss)/2X]drtdrs

=1+exp(—s') s=
~ yt—ys ~

X&, (Gaussian), (12)

where we integrate twice over all space. This well-
known property of the Fourier transform of a sphere
relative to that of a Gaussian is shown in Fig. 1 where
the two curves refer to a ratio of p to X' given by

p =2.15K&. (13)

The Gaussian model simplifies some computations to
follow and therefore we shall adopt it from here on.
However, we shall continue to refer to the "radius"
p of the interaction volume —by which we mean the
quantity related to X by Eq. (13).
In one further respect we have used an argument of

convenience to simplify the calculations as much as
possible before reverting to numerical evaluation
techniques. Instead of Eq. (12) we have actually used
its relativistic counterpart,

where
P(12)= 1+e "*»

*rs= (yr—y2) (~r as)

(14a)

(14b)

This is indeed convenient because we have to deal
with integrals of the type (5) but with a number of lt
functions —the "correlation functions" —entering into
the integrand. Thus the relativistic scalar form of P(x)
makes it possible to make simplifying Lorentz trans-
formations on the integrand. Of course, it must be
asked how much dijference it makes to use Eq. (14) as

"From here on we use the symbol = to denote equality apart
from such constant factors that do not aHect the angular cor-
relations under consideration.

where we integrate twice over a sphere Q=4s p'/3, and

qP(1,2) = (1/2'*U) (expLi(yt rt+ys rs) j
+expLi(y, .r,+y, .rs)1). (10)

Thus, on integration we obtain"

t'cost sint ~
'

lt (12)=1+9~ — (, t= ~yr—ys)p, (sphere). (11)
]2 ]3
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HBTとは独立に、Goldhaber et al. は pp 対消滅反応におけるρ0(→π+π-)探索の中で、 
pionペアの角度相関が同符号と異符号で異なることを発見. 
→ Golhaber-Goldhaber-Lee-Paisにより、Bose-Einstein相関による量子統計効果であることがわかった.
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Z
S(r)| (r, q)|d3r
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=
p
|~p1 � ~p2|2 � (E1 � E2)2 ⌘ qinv

emission ソース関数 (基本的にはガウス関数を仮定)
2粒子系の波動関数 
終状態相互作用 (Coulomb, 強い相互作用) を含む
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相関関数Cの定義：
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C(q) =

Z
S(r)| (r, q)|d3r
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p
|~p1 � ~p2|2 � (E1 � E2)2 ⌘ qinv
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 (r, q) / eir·q とし、ガウスソース関数を仮定すると、

<latexit sha1_base64="wn6ZWxit7uYioePxXAEVNw8+sGk="></latexit>

C(q) = 1± |S̃(q)|2

= 1± e�q2R2

! 1± �e�q2R2

~1/R
λ

HBT半径や 
Gaussianソース半径と言ったりする

λパラメータ (chaoticity/incoherence parameter) 
purityや実験の(ペア)カットにも強く依存

“~”はフーリエ変換を表す
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: 2粒子を同時に検出する確率

: 1粒子を独立に検出する確率の積

<latexit sha1_base64="1TKRVyy2/DMQ08ZCpFbUOOwqurI="></latexit>

C(p1,p2) =
P (p1,p2)

P (p1) · P (p2)

= N A(q)

B(q)

実験的な定義は

: 同一イベント内での相対運動量分布 (物理相関を含む)

: 異なるイベントからくる２粒子の相対運動量分布  
  (物理相関を含まず、検出器等の効果のみ含む)

規格化係数 (大きなqで無相関(C=1)になるように設定される)

π+π+ correlation function  
(Au+Au 200 GeV)

1

(from my PhD thesis…)

クーロン斥力

HBT(Bose-Einstein)相関
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C
2(Q

in
v)

Qinv (GeV/c)

STAR preliminary p+p
R ~ 1 fm
d+Au
R ~ 2 fm

Au+Au
R ~ 6 fm

確かに、衝突システムサイズが大きいほど、C(q)の幅は小さくなっている

19
 67

M
NR

AS
.13

7. 
.39

3H
 

405 No. 4, 1967 The stellar interferometer at Narr abri Observatory—II 

Fig. 3. Examples of the observed variation of correlation with baseline for three stars, 
(a) ß Cru (1965); (b) a En (1965); (c) a Car (1965). 

where Aa is the partial resolution factor corresponding to 9jjb and is shown in 
column 8. For each set of observations the value of C is expressed in the same 
arbitrary units as the associated values of cjsr(d) in Table I, and they can only be 
used in conjunction with that table. It is however, of considerable value in the 
detection of binaries to compare the values of C for different stars; but, before this 
can be done, they must all be reduced to the same scale as discussed in the following 
paragraphs. 

The longest series of observations without a change in the equipment was made 
between May 1965 and April 1966 during which 10 stars were measured. Examina- 
tion of the values of C obtained during this period reveals a large scatter in the 
data with the values for main sequence stars of spectral type A being consistently 
high. This phenomenon is due to an unfortunate first choice of optical filter 
characteristics. These filters have a bandwidth of 80 Â centred on a wavelength of 
4385 Â and their central wavelength is sufficiently close to the Hy line of the Balmer 
series of hydrogen for the long wavelength wing of the line profile to extend into 
the filter bandwidth for A and late B type stars. Thus the spectral distribution of 
the light reaching the photocathodes is changed and the parameters a and 
(see equation (2), Paper I) vary from star to star as a function of the Hy profile. 
An analysis shows that the effect of Hy is to increase the normalized correlation 
cN(d\ and that this increase reaches a maximum of about 9 per cent for AoV 
stars and falls to about 2 per cent for types FoV and B5V. Correction of the 1965-6 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 

β-Crusis 
(みなみじゅうじ座β星)

α-Eri 
(エリダヌス座α星)

α-Car 
(りゅうこつ座α)

Hanbury Brown et al. (1967)
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<latexit sha1_base64="zLlvozj/YZgm4eXr0ICnxRyp2pk="></latexit>

C(q) = 1± �e�q2R2

＋はBoson、ーはFermion 
波動関数の対称化（反対称化）からくる

Padula, BJP35 (2004)

72 Brazilian Journal of Physics, vol. 35, no. 1, March, 2005

by the same source is negligible, we would be forced to con-
clude that only possible solution to this problem that would
satisfy this criterium is that the average over phases is null,
in the case of observation by a single detector. We see then
that Pi(ki) = 1 in this case and then the result on Eq.(5)
follows.

Already from the very simple example discussed above,
se can see that, in the case of two identical bosons (fermi-
ons), we expect to see that C(q = k1 ° k2 = 0) = 2 (0)
for completely chaotic sources. On the contrary, in the case
of total coherence C(q = k1 ° k2) = 1 for all values of the
momentum difference. For large values of their relative mo-
menta, however, the correlation function should tend to one,
which is clearly not the case in Eq. (5). But this is merely
the consequence of considering an oversimplified example
of only two point sources.

1.4 Extended sources

More generally, for extended sources in space and time, if
Ω(x) is the normalized space-time distribution, we have

P2(k1, k2) =

= P1(k1)P1(k2)
Z

d4x1

Z
d4x2 |A(k1, k2)|2Ω(x1)Ω(x2)

= P1(k1)P1(k2)[1 ± |Ω̃(q)|2], (7)

where

Ω̃(q) =
Z

d4x eiq
µ

xµΩ(x) (8)

is the Fourier transform of Ω(x). Conventionally, we denote
the 4-momentum difference of the pair by qµ = (kµ

1 ° kµ

2 ),
and its average by Kµ = 1

2 (kµ

1 + kµ

2 ).
Then, the two-particle correlation function can be writ-

ten as

C(k1, k2) =
P2(k1, k2)

P1(k1)P1(k2)
= 1 ± ∏ |Ω̃(q)|2. (9)

In Eq.(9) we added, as historically done, the parame-
ter ∏, later called incoherence or chaoticity parameter.
This was introduced by Deutschmann et al.[6], in 1978, as
a means for reducing systematic errors in the experimental
fits of the correlation function. The origin of the large sys-
tematic errors was the Gaussian fit. The reason was that the
experimentalists tried to fit the data points with Gaussian
functions whose maxima in q = 0 were 2, although the data
never reached that maximum value. This led to discrepan-
cies and to large systematic errors. The easiest way out of
this apparent inconsistency was to add a fit parameter, ∏,
thus reducing the systematic errors by the introduction of
this extra degree of freedom.

0 0.5 1 1.5 2 2.5 3
                     1/R                          q (GeV/c)

0

0.25

0.5

0.75

1

1.25

1.5

1.75

2

C
(q

)

BOSONS

FERMIO
NS

Figure 4. Simple illustration corresponding to the ideal Gaussian
source. The upper curve represents to the bosonic case, while the
lower curve, the fermionic one. The parameter R is the r.m.s. ra-
dius of the emitting region.

To illustrate the correlation function as written in Eq.(9)
with a simple analytical example, let us consider the
Gaussian profile, i.e.,

Ω(x) = e°x
µ

xµ/(2R)2
°! Ω(q) = e°q

2
R

2
/2 . (10)

Consequently, in this very simple example, a typical corre-
lation function is written as

C(k1, k2) = 1 ± ∏ e°q
2
R

2
. (11)

In equation (11), as we denoted before, the plus sign
refers to the bosonic case, and the minus sign to the fermi-
onic one. We easily see that, in this simple example, we
would expect experimental ideal HBT data to behave as
sketched in Fig. 4, where the upper part refers to bosons and
the lower one, to fermions. We see that, in the two-boson
(two-fermion) case, there is an enhancement (depletion) of
the correlation function in the region where the relative mo-
menta of the pair are small. In both cases of this simple
example, the typical size of the emission region corresponds
to the inverse width of the C(k1, k2) curve, plotted as a func-
tion of q = k1 ° k2.

Returning to the discussion of the fit parameter ∏, I
would like to point out that there is a very simple explanation
to reconcile this apparent inconsistency, without the need to
introduce this extra degree of freedom. Limited statistics
is behind it, since it is virtually impossible to measure two
identical particles with exactly the same momenta. This led
the experimentalists to split the momenta of the particles in
small bins. In more recent times, these bins can be projected
in two or more dimensions. For instance, along the income
beam direction in fixed target heavy ion collisions (qL), and
in the direction transverse to it (qT ). Good quality data al-
low the experimentalists to consider very small bin sizes.
Nevertheless, their range is finite. Being so, when the corre-
lation function is projected along, say, the qT direction, the
smallest value of qL is not zero, but within the first (smaller)
bin size, in case of high enough statistics. Consequently,
we immediately see that the correlation function plotted as
a function of qT , will not reach the maximum (minimum)

q

5

Identical pairs:  
- Quantum Statistics- QS   
- Final State Interactions- FSI: Coulomb, Strong 

Non-identical pairs: 
- Final State Interactions- FSI: Coulomb, Strong 

Two-particle correlations 
 

 - space-time sizes (and dynamics)  
(can not be measured directly)  

Close velocity correlations  
(HBT + FSI)  

 - momenta and momentum difference  
(can be measured directly) 

Single- and two-particle distributions: 

 

 

 

The correlation function: 
    

            

x1, x2
→

p1, p2

P1(p) = E
dN
d3p

= ∫ d4xS(x, p)

P2(p1, p2) = E1E2
dN

d3p1d3p2

P2(p1, p2) = ∫ d4x1S(x1, p1)d4x2S(x2, p2)Φ(x2, p2 |x1, p1)

C(p1, p2) = P2(p1, p2)
P1(p1)P1(p2)

UrQMD

UrQMD

H. Zbroszczyk, Zymanyi School (2021)

e.g. proton-proton相関では、QS (Quantum Statistics) だけでなく、 
クーロン斥力、強い相互作用 (引力)がC(q)に寄与
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Pratt, PRD33, 1314 (1986) 
Bertsch, NPA498 (1989) 173
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Stotal = sQGPVQGP = sHVH

Yagi, Hatsuda, and Miake, Cambridge UP. (2005)

QGP→ハドロンガスが１次相転移の場合、 
エントロピー保存のためにハドロンガスの体積または 

系の持続時間の増大が予測される

<latexit sha1_base64="1ZA33Fvzz4gQ+YLB+0sy3C1I8oM="></latexit>

⌧H
⌧c

=
sQGP

sH
=

dQGP

d⇡

D.H. Rischke, M. Gyulassy/Nuclear Physics A 608 (1996) 479-512 495 

Fig. 11. The same as in Fig. 10, but for the fireball expansion. 

the latent heat for a smaller ratio dQ/dH, which in turn accelerates the expansion. 
Fig. 11 shows the corresponding diagram for the spherical expansion. First of all, one 

notices that, at high ~0, there is almost no difference between the lifetime of a system 
with a transition to the QGP and an ideal gas. Inspecting Fig. 5, one observes, however, 
that the bulk of matter at finite r does indeed live longer in the first case. Thus, for the 
spherical expansion, our definition of “lifetime” should rather be replaced by an average 
over the particular isotherm. It is, however, not necessary to do so at this point, since 
the correlation functions considered subsequently will take this into account in a natural 
way. 

Second, one observes that the lifetimes do not grow as strongly for high EO as in the 
one-dimensional expansion. This is due to the fact that the system disperses its initial 
internal energy much more efficiently into kinetic energy in three dimensions than it 
does in one dimension. This also leads to the reduction of the overall scale in the 
lifetimes as compared to Fig. 10. 

Third, it is noticeable that the increase of the lifetime for AT = 0 at EO = EQ (where 
the lifetime is maximum) as compared to the ideal gas case is about a factor of 2 
bigger than in the one-dimensional expansion. The prolongation of the lifetime is thus 
most pronounced in spherical geometry. Unfortunately, the reduction of the lifetime in 
the case of a smooth transition is also rather strong, cf. Figs. 11 (b,d). Nevertheless, 
for freeze-out at T = 0.7T, the lifetime can still be longer by a factor of 2 in the case 
of a transition than in the expansion of an ideal gas. Moreover, in contrast to the one- 
dimensional case, the spherical geometry leads to a (broad) maximum in the lifetime 
around EQ. 

In Fig. 12 we present the lifetimes for the expansion of a Bjorken cylinder with initial 

Rischke and Gyulassy, NPA608 (1996) 479

s: エントロピー密度 
d: 自由度 
τc(H): 相転移が起こる(終わる)時の時間

系の寿命が臨界点付近でピークを持つ

時間情報はどうやって調べる？？
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FIGURE 2 
Two scenarios of the pion source function in the interferometry. The upper 
figure shows the source when there is no high density phase. The dots show the 
point of last interaction of pions of a given momentum. Their momentum 
correlation will reflect the space-time distribution of the source. The lower 
figure shows the spatial distribution of pions (of a given momentum) emerging 
from a source if there is a high density phase. The horizontal elongation is 
due to the time delay converting high density matter to the low density phase. 

indicate the source region for pions of a given momentum travelling in the 

direction of the detector. 

The opposite scenario has a phase transition to a higher density phase. In 

this case, the dense phase does not expand outside its formation zone. The 

longitudinal expansion causes the dense phase to break up into droplets. 5 

Conversion to the hadronic phase then takes place along an inward moving 

surface.5-8 The time it takes for the phase transition is larger than the size 

of the droplets, by a factor which is several times the ratio of the entropy 

densities of the two phases. This may well be an order of magnitude.’ As a 

result of the slow conversion, the pions are emitted at a reduced rate and do 

not rescatter much in the final state. Thus the sideward dimension is small. 

On the other hand, the outwards dimension now arises from the time duration of 

the emission process, and it can be much larger than the sidewards dimension. 

This is shown in the lower part of Fig. 2, with the dots indicating the 

positions of the pions of a given momentum on their way to the detector. 

時間情報 (粒子放出の持続時間)はRoutから得られる！ 
＊Yano-Koonin paraなど他の解析手法もある
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Rischke and Gyulassy, NPA608 (1996) 479
D.H. Rischke, M. Gyulassy/Nuclear Physics A 608 (1996) 479-512 501 

:- 

ld  

Fig. 16. The same as in Fig. 11, but for the ratio Rout/R,ik. 

are almost completely insensitive to the freeze-out temperature chosen. ‘Ihis is intuitively 
clear since the corresponding space-time isotherms differ only marginally for AT = 0 
and the ideal gas calculation, cf. Figs. 4 (b,f), while there are larger differences in 
Fig. 4 (d). Note that the results shown in Figs. 14 (a,b,e,f) correspond nicely to those 
in Fig, 4 of [ 2 11, in spite of the fact that the latter calculation employs inhomogeneous 
initial conditions, a different way to solve the hydrodynamical equations, and a different 
treatment of the freeze-out 3 . In Fig. 15 we show the correlation functions corresponding 
to the hydrodynamical evolution of Fig. 9. Again, they adequately characterize the space- 
time geometry of the source. 

Fig. 16 shows the experimentally measurable ratio &ut/Rside as a function of EO for 
the spherical fireball geometry. Comparing the results with Fig. 11, one observes that 
this ratio reflects closely the behaviour of the lifetime of the system, independent of 
details in the equation of state such as the width of the transition region AT or the 
latent heat of the transition (which is proportional to da/dH). Also, for the case of 
a first-order transition, AT = 0, Figs. 16 (a,c), the enhancement in Rout/R~de over the 
ideal gas case is a factor of 3 to 7 (for dp/dH = 3 to q) at ~0 N EQ. In the case of a 
smooth transition, AT = 0. lT,, Figs. 16 (b,d), this is considerably reduced (as expected 
from Fig. 11)) but if the system freezes out at temperatures Tf 6 0.7T,, there is still a 
factor of 2 enhancement over the ideal gas case. 

In Figs. 17 and 18 we present the corresponding results for the Bjorken cylinder 
expansion with TO = 0.1 R and 70 = $TO, respectively. In all cases we find that the 
experimentally measurable ratio of correlation widths mirrors closely the dependence 

3 The freeze-out in [21] is in some sense performed dynamically, the freeze-out surface, however, is assumed 
to have no time-like parts. 

1次相転移を仮定した場合、Rout/Rsideはピークを臨界点でピークを作る
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膨張している系 (radial flowなどx-p相関がある場合) では、 
粒子源全体の大きさを測定してない！ 
ある速度である方向に飛んできた粒子群のサイズや形を見ている。 

逆にHBT半径に強い運動量依存があるなら、系の膨張を示すとも言える (小さい系との関連)。 
βT→0 or T→♾なら、RHBT = Rgeom
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FIG. 1. The three dimensional correlation function for p2

pairs versus qlong, qside, and qout in both the LCMS frame (top)
and the pair center-of-mass frame (bottom). The data are plot-
ted versus one momentum difference variable while requiring
the other two to be less than 40 MeV!c. The lines correspond
to the fit to the entire distribution.

pairs are shown to agree within statistical and systematic
errors with previous measurements for overlapping kT bins
at this energy for the 12% most central events. For STAR,
the mean pair centrality can be approximated by the geo-
metric mean of 8%, which is slightly more central than the
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FIG. 2. HBT radii for pion pairs as a function of kT
measured at midrapidity for various energies from E895
"psNN ! 4.1 GeV#, E866 "psNN ! 4.9 GeV#, NA44, WA98
"psNN ! 17.3 GeV#, STAR, and PHENIX Collaborations
"psNN ! 130 GeV#. The bottom plot includes fits to A!pmT
for each energy region. The data are for p2 results except for
the NA44 results, which are for p1.

mean pair centrality of 10% for the PHENIX data. This
figure also shows kT dependent radii for midrapidity pions
from central collisions for

p
sNN ! 17.3 GeV Pb 1 Pb

[6,27] and for
p

sNN ! 4.9 and 4.1 GeV Au 1 Au [3,4].
For the transverse radii, Rout and Rside, the variation with
collision energy is generally smaller than the statistical
and systematic errors of the individual data points. There
is no evidence for a change in the low-kT extrapolation of
Rside with increasing

p
sNN which would indicate a larger

geometric source at higher energy. Nor is any change
evident in Rout relative to Rside at high kT , indicating a
longer-lived source. This result is surprising given the fac-
tor of $3 change in the total charged particle multiplicity
per unit rapidity at midrapidity [28]. Only Rlong exhibits
a significant variation with collision energy. To quantify
this difference, we fit the Rlong dependence to A!pmT
[13,16,29] for the three sets of beam energies. The
results are overlayed with the data in the bottom panel
of Fig. 2 and yield A ! 3.32 6 0.03, 3.05 6 0.06, and
2.19 6 0.05 fm GeV1!2 for

p
sNN ! 130, 17.3, and

4.9!4.1 GeV, respectively.
Although a finite emission duration contributes to Rout

but not to Rside, dynamical correlations affect the two radii
differently. A quantitative determination of the source life-
time can be performed only in the context of a dynamical
model. The lower panel of Fig. 3 shows the kT dependence
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FIG. 3. The top panel shows the measured Rside from identical
pions for STAR and PHENIX. The solid line is a fit of Eq. (3)
to the PHENIX data, and the dashed line is the same fit for
Eq. (2). The dot-dashed line is a fit of Eq. (3) to the STAR data.
The bottom panel shows the ratio Rout!Rside as a function of kT
overlayed with theoretical predictions for a phase transition for
two critical temperatures.
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14 Lisa et al.

Figure 3: because particles with heavier masses have smaller thermal velocities,
their source volumes are more strongly confined by collective flow. For longitudi-
nal flow (left panel) this results in smaller values of Rlong for particles with higher

mT =
√

m2 + p2
T . For radial flow (right panel) this confines heavier particles

toward the surface, which results in both a reduced volume and an offset ∆r in
the outward direction.

emitting zero-rapidity particles is determined by the distance one can move be-
fore the collective velocity overwhelms the thermal velocity to force the emission
function back to zero. The size can then be expressed as:

Rlong ≈
Vtherm

dv/dz
= Vtherm⟨t⟩. (24)

Whereas Rout/Rside gives information about the suddenness of emission, Rlong

provides insight into the mean time at which emission occurs given an estimate
of the thermal velocity.

For a thermal source with relativistic motion, the thermal velocity along the
beam axis is determined by the temperature and the transverse mass, mT =
√

m2 + p2
T (63). For large mT the thermal velocity in the longitudinal direction

becomes non-relativistic, Vtherm =
√

T/mT , and the source size falls as 1/
√

mT

which is referred to as mT scaling (87). This is illustrated in Figure 3. However,
this assumes all particles are emitted with the same Bjorken time τB and tem-
perature, independent of the transverse mass. because particles with high mT

are probably emitted at lower τB, and because the temperature roughly behaves

at τ−4/3
B , the longitudinal size could fall even more quickly than m−1/2

T .
In a boost invariant expansion, emission is a function of the Bjorken time

τB =
√

t2 − z2, not the time t, and because t =
√

τ2
B + z2, those particles emitted

with small z have a head start. This is sometimes referred to as an inside-
outside cascade. The transverse shape of S(r) is then affected non-trivially by the
expansion along the beam. The resulting correlation function can be calculated
analytically in the case of pure identical-particle correlations (88; 89).

Boost invariance is incorporated into blast-wave models with transverse expan-
sion and assumed for many hydrodynamic models. The finite size of the system

“Length of homogeneity”
　　　Akkelin and Sinyukov, PLB356(1995)525

<latexit sha1_base64="52uTlSU89m17CPkvtOIb3l/IXaQ="></latexit>
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(~pT1 + ~pT2)|
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- HBT半径がNpartの1/3乗に比例する 
  Npartを系の体積と思うと、Npart1/3は半径に対応する 

- 横軸を(dN/dη)1/3にしても同じ傾向が見られる 
  （後で出てきます）

differences arising from the use of Eq. (3) are incorpo-
rated into the total systematic errors.

Figure 3 shows the kT dependence of all radii and the
ratio Rout=Rside, along with the recently published STAR
results [28], and the radii from hydrodynamical model
calculations of Hirano [29] and Soff [30]. The results of
PHENIX and STAR are in excellent agreement, and
reveal in great detail the characteristic !50% overpre-
diction of these models in Rout=Rside. The kT dependence
of these radii is reproduced by parametrizations of hydro-
dynamic freeze-out hypersurfaces [31–33] that are fit to
previously published data.

Figure 4 shows that the centrality dependency is well
described by a linear function of N1=3

part. The slope parame-
ters for Rside and Rout are similar to those measured at 11.6
and 14:6A GeV=c [34], while Rlong is significantly larger.
Therefore the approximate independence of Rside and Rout,
and the increase in Rlong with

!!!!!!!!

sNN
p

documented in Fig. 2
of [13], can be extended to peripheral collisions as well.

In conclusion, we have presented the Bertsch-Pratt
HBT radii in the LCMS for identified charged pions
measured by PHENIX in Au" Au collisions at

!!!!!!!!

sNN
p #

200 GeV. The kT dependence of the HBT radii was
measured for hNparti # 281, and the centrality depen-
dence was measured for hkTi! 0:45 GeV=c. We per-
formed two different partial Coulomb analyses: one
based upon a self-consistent treatment of the Coulomb
correction, and the other based upon direct comparison to
the unlike-sign correlations. The methods give different
results for !, Rout, and Rout=Rside from those of the full
Coulomb correction. Using the partial Coulomb correc-
tion of Eq. (2), we observe that the value of Rout=Rside, as a
function of kT, decreases from !1:1 to !0:8 over the
range of kT # 0:2–1:2 GeV=c for hNparti # 281. This ra-
tio remains approximately constant at unity when plotted
as a function of the number of participants for hkTi!
0:45 GeV=c. These measurements are consistent with
recent results from STAR for the same system, but they
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Figure 16: Hydrodynamic (Zschiesche, Hirano, and Kolb) and hybrid hydrody-
namic/cascade (Soff) models calculations in comparison to RHIC data. Data are
for 2π−(open symbols) and 2π+(closed symbols) source radii.

model-parameter range the very large time-scales as much as possible. Purely
hydrodynamic models can vary overall source volumes by adjusting the break-up
criteria, but doing so can make it difficult to fit the three source dimensions,
and their mT dependence, as well as other observables. Several prescriptions
have been applied to improve the modeling of the breakup in the late stage
to depend on microscopic considerations determined by free-space cross-sections
without having an extra adjustable parameter, e.g. break-up density, (107; 108;
106). An alternative to improve the description of breakup is the use of hybrid
models, in which hydrodynamic evolution in the early stage is combined with
cascading in the late stage. In Figure 16, we compare results of one such hybrid
model, Ultrarelativistic Quantum Molecular Dynamics (URQMD) (109; 110), to
results of hydrodynamic calculations. Similar results were obtained by Teaney
et al. (111; 112). Compared to hydrodynamic simulations, hybrid descriptions
do not seem to notably reduce the overpredicted lifetimes. They tend to emit
most of the pions at a time near or above 15 fm/c and significantly overpredict
Rout/Rside ratios, whereas blast-wave parameterizations favor breakup times near
or slightly below 10 fm/c. However, firm conclusions that the relative failure
of hybrid models derives from the chosen equations of state cannot be made
until comparisons are made between Boltzmann and hybrid calculations that use
the same equation of state. Until such an analysis is performed, other issues
will cloud the interpretation, such as whether viscous effects or details of the
hydrodynamic/Boltzmann interface dominate results and might even invalidate
the hydrodynamic approach.

Entropy and pressure are intimately related, in that knowing the entropy den-

- １次相転移もしくはクロスオーバーを取り入れた 
流体モデルがデータを再現できなかった 

- また、ナイーブな予想とは異なり、Rout/Rside ~1 
瞬間的な粒子放出？？ 

→” HBT puzzle”と呼ばれた 

Lisa et al. Ann.Rev.Nucl.Part.Sci.55(2005)357
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S. Prattがprethermal flowやEOS, viscosityなどを 
入れることで実験データを再現できることを示した！

Resolving the Hanbury Brown–Twiss Puzzle in Relativistic Heavy Ion Collisions

Scott Pratt
Department of Physics and Astronomy, Michigan State University, East Lansing, Michigan 48824, USA

(Received 20 November 2008; revised manuscript received 8 April 2009; published 8 June 2009)

Two particle correlation data from the BNL Relativistic Heavy Ion Collider have provided detailed

femtoscopic information describing pion emission. In contrast with the success of hydrodynamics in

reproducing other classes of observables, these data had avoided description with hydrodynamic-based

approaches. This failure has inspired the term ‘‘HBT puzzle,’’ where HBT refers to femtoscopic studies

which were originally based on Hanbury Brown–Twiss interferometry. Here, the puzzle is shown to

originate not from a single shortcoming of hydrodynamic models, but the combination of several effects:

mainly prethermalized acceleration, using a stiffer equation of state, and adding viscosity.

DOI: 10.1103/PhysRevLett.102.232301 PACS numbers: 25.75.Gz, 25.75.Ld

Experiments at the BNL Relativistic Heavy Ion Collider
(RHIC) have revealed a new state of matter, the strongly
interacting quark gluon plasma (QGP), which appears to
have perhaps the lowest ratio of viscosity to entropy of any
measured substance [1,2]. This conclusion is based on
comparisons of hydrodynamic models with experimental
spectra and large angle correlations that reveal strong
radial and elliptic collective flow, i.e., flow relative to the
original beam axis. The most sophisticated hydrodynamic
approaches also employ microscopic simulations to model
the decoupling stage. Whereas spectra and large angle cor-
relations are consistent with ideal hydrodynamics [3,4],
these same models have poorly reproduced correlations
at small-relative momentum [4–6]. These correlations are
related to the spatial and temporal properties of pion emis-
sion [7], and are often referred to as Hanbury Brown–Twiss
(HBT) measurements after similar measurements with
light [8]. It appears that hydrodynamic models underesti-
mate the explosiveness of the collision, or equivalently
overestimate the duration of the emission process. In con-
trast, some purely microscopic approaches have been more
successful in reproducing the data [9–12]. Unlike the hy-
drodynamic models, which employed first-order phase
transitions, the effective equations of state for the micro-
scopic approaches are extremely stiff, leading to more
explosive collisions. In short, the HBT puzzle involves
finding whether one can reproduce femtoscopic observa-
tions with hydrodynamic models without employing any
particularly strange assumptions, such as equations of state
that are inconsistent with lattice calculations, or arbitrary
breakup criteria that are inconsistent with known proper-
ties of binary hadronic reaction. In this Letter, we show this
can be accomplished if three improvements are incorpo-
rated into hydrodynamic models: accounting for the
buildup of collective flow in the first instants of the colli-
sion before thermalization is attained, using a stiffer equa-
tion of state, and including viscosity. The hydrodynamic
model used here, which can be seen in more detail in [13],
is the first to incorporate all these features and investigate
the cumulative effects, while also being coupled to a de-

tailed microscopic simulation for the breakup stage. The
individual effects have all been discussed or studied indi-
vidually. For instance, Broniowski et al. were able to
largely reproduce the same effects without viscosity, but
only after using a compact Gaussian initial profile and a
simplified freeze-out prescription, both of which are diffi-
cult to justify [14].
The Koonin equation [15] relates the experimentally

measured correlation function to the outgoing phase-space
density,

CðP;qÞ ¼
Z

d3rSðP; rÞj!ðq; rÞj2: (1)

Here, P and q are the total and relative momentum. The
source function SðP; rÞ describes the probability for two
particles with identical momenta k ¼ P=2, to be separated
by r in their asymptotic state if the relative interaction
between the particles were to be ignored. Since S refers
to the outgoing phase-space cloud for a specific k, quoted
sizes tend to be significantly smaller than the overall source
volume. Any dynamical model, whether based on hydro-
dynamics or microscopic degrees of freedom, provides a
list of positions and times from which particles of specific
k are emitted, and can then be used to generate the source
function. For the purposes of this Letter we will only
consider parameters extracted by fitting to correlations
that arise from a Gaussian source,

SðP; rÞ $ exp
!
% x2

4R2
out

% y2

4R2
side

% z2

4R2
long

"
: (2)

Rlong describes the longitudinal size along the beam axis,
Rout is the outward dimension parallel to k, and Rside

describes the extent along the sideward dimension perpen-
dicular to both the beam axis and k. Each of these dimen-
sions can be a function of the transverse momentum kt and
the longitudinal rapidity of the pair. Here, we consider only
central collisions and the kt dependence of the Gaussian
dimensions.
Figure 1 shows experimentally determined radius pa-

rameters from 100A GeV Au on 100A GeV Au collisions
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at RHIC [16]. For comparison, source sizes were generated
from a hydrodynamic model coupled to a cascade code.
The cascade microscopically simulates the final stages of
the collision and breakup where local kinetic equilibrium is
lost and hydrodynamics is unjustified. The times and posi-
tions of last collisions for particles of a specific k were
used to calculate the source function, from which correla-
tion functions were generated via Eq. (1). These were then
fit to correlations from Gaussian sources to extract radii.
For all the calculations shown here, the full wave function,
including Coulomb and strong interactions, was employed,
with the fitting performed via the Bowler-Sinyukov proce-
dure used by the experiments [17,18].

As a benchmark, the first calculation (open squares in
Fig. 1) was parametrized similarly to previous hydrody-

namic calculations, and failed in a similar manner.
Transverse expansion was delayed until 1 fm=c after the
initial collision. A strong first-order phase transition, which
is inconsistent with lattice gauge theory, was employed,
and the viscosities were set to zero. The Rout=Rside ratio is
too large by !50% and overstates Rlong by !25%. The

second calculation (filled squares in Fig. 1) accounts for
prethermal acceleration by beginning the expansion
0:1 fm=c after the initial collision, roughly the amount of
time required for the Lorentz contracted nuclei to traverse
one another. The importance of prethermalized accelera-
tion for HBT studies has been emphasized in several
studies during the past few years [10,14,19], and has
been investigated in much greater detail in regards to other
observables [20–22]. As was shown in [23], flow during the
first 1 fm=c is approximately universal for any system with
a traceless energy tensor, including partonic and field based
pictures, independent of thermalization. Since the trans-
verse expansion starts earlier, the longitudinal size is
smaller at breakup, more in line with data. The Rout=Rside

ratios also drop, moving modestly toward the data.
The second improvement to be considered is to use a

stiffer equation of state. Early studies used an equation of
state with a first-order phase transition with a large latent
heat [4–6]. Such soft equations of state have constant
temperature and pressure for energy densities between !h
and !h þ L, where !h is the maximum density of the
hadronic phase. Here, !h corresponds to a hadronic gas
with a temperature of Tc ¼ 170 MeV, and L is the latent
heat. In contrast, lattice QCD now suggests a crossover
transition where the pressure rises continuously with en-
ergy density. There indeed exists a soft region, but the
speed of sound, c2s ¼ dP=d!, never falls below 0.1 and
the width of the soft region is somewhat lower than the
latent heat L assumed in the previous studies. The bench-
mark calculation, displayed in the upper panel, assumed a
first-order transition with a large latent heat L ¼
1:6 GeV=fm3 with a lower bound to the mixed phase at
!h $ 500 MeV=fm3. For a first-order phase transition the
lower pressure results in less explosivity and in longer
lifetimes and extended values of the outward dimensions
of the phase-space cloud [24,25]. This was not observed.
The third calculation (filled triangles in Fig. 1) assumed a
soft region of half the width in energy density, and with a
speed of sound of c2s ¼ 0:1, rather than zero for a first-
order transition. Once above the soft region, both calcu-
lations assumed a stiffening with the speed of sound c2s ¼
0:3. One can consult Ref. [26] for a more sophisticated
attempt at parametrizing lattice equations of state. As
expected, the stiffer equation of state led to less extended
outward dimensions, which lowers the Rout=Rside ratio. In
Fig. 1 the Rout=Rside ratio again moved toward the data.
Shear viscosity is also known to increase the explosive-

ness of the collision [13,27,28]. This can be understood by
considering viscous corrections to the stress-energy tensor.
At early times the velocity gradient is largely longitudinal,

FIG. 1 (color online). Gaussian radii in three directions: Rout,
Rside, and Rlong. Data from STAR (red stars) [16] are poorly fit by

a model with a first-order phase transition, no prethermal flow,
and no viscosity (open black squares and solid line). Data are
better reproduced after including all the features (open circles,
solid black line). The incremental improvements (open colored
symbols and dashed lines) are of similar strength: initial flow
(red squares), stiffer equation of state (green triangles), viscosity
(blue circles). Incorporating a more compact initial profile
represents the final feature.
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FIG. 20. Top: The difference between the squared transverse
femtoscopic radii are plotted as a function of the collision energy for
central collisions. Bottom: The energy dependence of the ratio of the
transverse radii. The centrality and mT values for the high-statistics
datasets are HADES [76] (0–10 %, 349 MeV/c); STAR fixed target
(this work) (0–10 %, 303 MeV/c); STAR collider [78] (0–10 %, 326
MeV/c). The values for the earlier measurements are E895 [65] (0–
11 %, 330 MeV/c); E866 [66] (0–15 %, 295 MeV/c). Only statistical
errors are indicated, as changing the centrality [58] or transverse
mass selection slightly will affect Rout and Rside similarly; see the
text for a discussion of systematic effects, which can shift STAR
datapoints, together, by ∼5% (∼20%) for Rout/Rside (R2

out − R2
side).

sition should produce a peak in the energy dependence of
Rout/Rside near the QGP creation threshold. Such a peak has
also been suggested [81,82] as a signal of hadronization near
a critical end point in the QCD phase diagram.

The energy dependences of R2
out − R2

side and Rout/Rside are
shown in Fig. 20. Both quantities exhibit a clear peak at√

sNN ≈ 20 GeV, an interesting energy where other observ-
ables [34,83–86] show nontrivial trends with energy. The
earlier E895 and E866 results are consistent with the trend
from STAR and HADES, but their statistical uncertainties are
much too large to resolve a peak of the magnitude observed.
Systematic errors on these quantities are given in Table II
for STAR measurements, both in collider and fixed-target
modes. Importantly, the systematic errors are common for all
STAR points (collider and fixed-target), hence variations in
(for example) the treatment of Coulomb effects will move all
data points similarly, not changing the peak structure.

TABLE II. Systematic error estimates for the quantities plotted
in Fig. 20. First row considers using a 2–12 % selection rather than
a 0–10 % selection. Track-merging cuts, fit-range systematics, and
Coulomb effects are discussed in [57,78].

source δ( Rout
Rside

) δ(R2
out − R2

side )

variation in centrality 1% 8%
50 MeV/c variation in ⟨mT ⟩ 2% 8%
varying fit range in |q⃗| <1% 10%
varying track-merging cut 4% 10%
treatment of Coulomb effects 1% 6%

First measurements of R2
out − R2

side and Rout/Rside at the
highest energies at RHIC [57,67] were similar to values mea-
sured at lower energies, contrary to some expectations of a
long lifetime [58,87]. This “puzzle” [87] was eventually partly
understood as arising from a number of independent compli-
cations that tend to reduce the extended lifetime signal [88].
Figure 20 suggests two other reasons that the signal was not
observed. Firstly, the energy of collisions at full RHIC energy
(
√

sNN = 200 GeV) may be too high above the threshold
energy for QGP formation; at such high energies, the extended
lifetime signal is predicted to disappear [59]. Secondly, the
early femtoscopic data from E895 and E866 was insufficiently
precise to discern the peak revealed by higher-statistics data.
The STAR low energy measurements address this second is-
sue. Indeed, the entire STAR fixed-target program is crucial
for identifying such energy-dependent trends.

VII. SUMMARY

In this first set of results from fixed-target running at the
STAR experiment, we report that the directed flow (v1) of
protons and " baryons is in line with existing systematics at
higher and lower energy. This is important, as the directed
flow of baryons shows a sign change and a minimum just
above the present beam energy, while the directed flow of
net baryons shows a double sign change [34,37]. This is one
of the most intriguing experimental results from the BES-I
program, as well as one of the most difficult for models to
explain [19–25].

We have also presented the first measurements of az-
imuthal anisotropy of charged pions and neutral kaons at these
energies. Both show directed flow (v1) signals in the direction
opposite to that of the baryons, continuing trends observed
at higher energies. The difference between π+ and π− flow
becomes stronger as the collision energy is reduced, per-
haps signaling isospin or Coulomb dynamics. Interestingly,
within the relatively large statistical uncertainties, the data are
consistent with constituent quark scaling of elliptic flow, an
effect proposed at much higher energies to arise from quark
coalescence in the QGP phase.

Femtoscopic radii with charged pions are consistent with
earlier measurements of energy, transverse mass, and cen-
trality systematics. Collisions at

√
sNN = 4.5 GeV are in the

transition region between dynamics dominated by stopping
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FIG. 20. Top: The difference between the squared transverse
femtoscopic radii are plotted as a function of the collision energy for
central collisions. Bottom: The energy dependence of the ratio of the
transverse radii. The centrality and mT values for the high-statistics
datasets are HADES [76] (0–10 %, 349 MeV/c); STAR fixed target
(this work) (0–10 %, 303 MeV/c); STAR collider [78] (0–10 %, 326
MeV/c). The values for the earlier measurements are E895 [65] (0–
11 %, 330 MeV/c); E866 [66] (0–15 %, 295 MeV/c). Only statistical
errors are indicated, as changing the centrality [58] or transverse
mass selection slightly will affect Rout and Rside similarly; see the
text for a discussion of systematic effects, which can shift STAR
datapoints, together, by ∼5% (∼20%) for Rout/Rside (R2

out − R2
side).

sition should produce a peak in the energy dependence of
Rout/Rside near the QGP creation threshold. Such a peak has
also been suggested [81,82] as a signal of hadronization near
a critical end point in the QCD phase diagram.

The energy dependences of R2
out − R2

side and Rout/Rside are
shown in Fig. 20. Both quantities exhibit a clear peak at√

sNN ≈ 20 GeV, an interesting energy where other observ-
ables [34,83–86] show nontrivial trends with energy. The
earlier E895 and E866 results are consistent with the trend
from STAR and HADES, but their statistical uncertainties are
much too large to resolve a peak of the magnitude observed.
Systematic errors on these quantities are given in Table II
for STAR measurements, both in collider and fixed-target
modes. Importantly, the systematic errors are common for all
STAR points (collider and fixed-target), hence variations in
(for example) the treatment of Coulomb effects will move all
data points similarly, not changing the peak structure.

TABLE II. Systematic error estimates for the quantities plotted
in Fig. 20. First row considers using a 2–12 % selection rather than
a 0–10 % selection. Track-merging cuts, fit-range systematics, and
Coulomb effects are discussed in [57,78].

source δ( Rout
Rside

) δ(R2
out − R2

side )

variation in centrality 1% 8%
50 MeV/c variation in ⟨mT ⟩ 2% 8%
varying fit range in |q⃗| <1% 10%
varying track-merging cut 4% 10%
treatment of Coulomb effects 1% 6%

First measurements of R2
out − R2

side and Rout/Rside at the
highest energies at RHIC [57,67] were similar to values mea-
sured at lower energies, contrary to some expectations of a
long lifetime [58,87]. This “puzzle” [87] was eventually partly
understood as arising from a number of independent compli-
cations that tend to reduce the extended lifetime signal [88].
Figure 20 suggests two other reasons that the signal was not
observed. Firstly, the energy of collisions at full RHIC energy
(
√

sNN = 200 GeV) may be too high above the threshold
energy for QGP formation; at such high energies, the extended
lifetime signal is predicted to disappear [59]. Secondly, the
early femtoscopic data from E895 and E866 was insufficiently
precise to discern the peak revealed by higher-statistics data.
The STAR low energy measurements address this second is-
sue. Indeed, the entire STAR fixed-target program is crucial
for identifying such energy-dependent trends.

VII. SUMMARY

In this first set of results from fixed-target running at the
STAR experiment, we report that the directed flow (v1) of
protons and " baryons is in line with existing systematics at
higher and lower energy. This is important, as the directed
flow of baryons shows a sign change and a minimum just
above the present beam energy, while the directed flow of
net baryons shows a double sign change [34,37]. This is one
of the most intriguing experimental results from the BES-I
program, as well as one of the most difficult for models to
explain [19–25].

We have also presented the first measurements of az-
imuthal anisotropy of charged pions and neutral kaons at these
energies. Both show directed flow (v1) signals in the direction
opposite to that of the baryons, continuing trends observed
at higher energies. The difference between π+ and π− flow
becomes stronger as the collision energy is reduced, per-
haps signaling isospin or Coulomb dynamics. Interestingly,
within the relatively large statistical uncertainties, the data are
consistent with constituent quark scaling of elliptic flow, an
effect proposed at much higher energies to arise from quark
coalescence in the QGP phase.

Femtoscopic radii with charged pions are consistent with
earlier measurements of energy, transverse mass, and cen-
trality systematics. Collisions at

√
sNN = 4.5 GeV are in the

transition region between dynamics dominated by stopping

034908-14

<latexit sha1_base64="gcMieqVUzq1UnY6GAU82D3g9gbI=">AAACM3icbVC7TsMwFHV4lvIqMLJYVEhMJYEKGCsYYCxSX1JTVY57UyxsJ7IdpCoqP8DXMLDAlyA2xMrMiptmoMCRLB2dcx++J4g508Z1X525+YXFpeXCSnF1bX1js7S13dJRoig0acQj1QmIBs4kNA0zHDqxAiICDu3g9mLit+9AaRbJhhnF0BNkKFnIKDFW6pf2fU7kkAMW/YavMuprJtzK8X3qK4EvoTU+pP1S2a24GfBf4uWkjHLU+6UvfxDRRIA0lBOtu54bm15KlGGUw7joJxpiQm/JELqWSiJA99LsnDHet8oAh5GyTxqcqT87UiK0HonAVgpibvRvbyL+53UTE571UibjxICk00VhwrGJ8CQbPGAKqOEjSwhVzP4V0xuiCDU2wZktk9lKh3rmkjQQY5uU9zuXv6R1VPFOKtXrarl2nmdWQLtoDx0gD52iGrpCddREFD2gR/SMXpwn5815dz6mpXNO3rODZuB8fgMFfKue</latexit>

hmT i ⇠ 0.3 GeV/c
- √sNN = 20 GeV付近でピークとなっている。 
状態方程式の軟化を示す？ 

- 臨界点探索のため測定されたBES-II  正味陽子数揺らぎ 
(4次と2次のキュムラント比)も同じくらいのエネルギーで 
非単調な振る舞い（ベースラインからのずれ） 
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Figure 3: because particles with heavier masses have smaller thermal velocities,
their source volumes are more strongly confined by collective flow. For longitudi-
nal flow (left panel) this results in smaller values of Rlong for particles with higher

mT =
√

m2 + p2
T . For radial flow (right panel) this confines heavier particles

toward the surface, which results in both a reduced volume and an offset ∆r in
the outward direction.

emitting zero-rapidity particles is determined by the distance one can move be-
fore the collective velocity overwhelms the thermal velocity to force the emission
function back to zero. The size can then be expressed as:

Rlong ≈
Vtherm

dv/dz
= Vtherm⟨t⟩. (24)

Whereas Rout/Rside gives information about the suddenness of emission, Rlong

provides insight into the mean time at which emission occurs given an estimate
of the thermal velocity.

For a thermal source with relativistic motion, the thermal velocity along the
beam axis is determined by the temperature and the transverse mass, mT =
√

m2 + p2
T (63). For large mT the thermal velocity in the longitudinal direction

becomes non-relativistic, Vtherm =
√

T/mT , and the source size falls as 1/
√

mT

which is referred to as mT scaling (87). This is illustrated in Figure 3. However,
this assumes all particles are emitted with the same Bjorken time τB and tem-
perature, independent of the transverse mass. because particles with high mT

are probably emitted at lower τB, and because the temperature roughly behaves

at τ−4/3
B , the longitudinal size could fall even more quickly than m−1/2

T .
In a boost invariant expansion, emission is a function of the Bjorken time

τB =
√

t2 − z2, not the time t, and because t =
√

τ2
B + z2, those particles emitted

with small z have a head start. This is sometimes referred to as an inside-
outside cascade. The transverse shape of S(r) is then affected non-trivially by the
expansion along the beam. The resulting correlation function can be calculated
analytically in the case of pure identical-particle correlations (88; 89).

Boost invariance is incorporated into blast-wave models with transverse expan-
sion and assumed for many hydrodynamic models. The finite size of the system

STAR, CPOD2024

STAR, PRC103, 034908 (2021)
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FIG. 10. (Color online) The beam energy dependence of the vol-
ume, V = (2π )3/2R2

sideRlong, of the regions of homogeneity at kinetic
freeze-out in central Au + Au, Pb + Pb, and Pb + Au collisions with
⟨kT ⟩ ≈ 0.22 GeV/c [26–32,36]. The systematic errors for STAR
points at all energies (from Table II) are of similar size to the error
bar for 39 GeV, shown as a representative example. Errors on other
results are statistical only, to emphasize the trend. The PHOBOS
points are offset in

√
sNN for clarity. The text contains some discussion

about variations in centrality, ⟨kT ⟩, and analysis techniques between
different experiments.

Fig. 6. These values are plotted in Fig. 10 as a function of√
sNN. The STAR results are all for 0%–5% central collisions

with ⟨kT ⟩ ≈ 0.22 GeV/c. Because the values are computed
using the data in Fig. 6, all the same variations in centrality
ranges and ⟨kT ⟩ values are present in the volume estimates too.
Earlier results from other experiments suggest a minimum
between AGS and SPS energies. The STAR results show a
noticeable increase in volume at the higher energies while the
7.7- and 11.5-GeV points are almost the same, consistent with
a minimum in the vicinity of 7.7 GeV. The ALICE point rises
even further, suggesting that the regions of homogeneity are
significantly larger in collisions at the LHC.

The CERES Collaboration [75] has found that a constant
mean free path at freeze-out,

λF ≈ V

(Nπσππ + NNσπN )
≈ 1 fm, (19)

leads naturally to a minimum in the energy dependence of
the volume that is observed, assuming that the cross sections
σππ and σπN depend weakly on energy, because the yields of
pions and nucleons, Nπ and NN , change with energy. Above
19.6 GeV, the ratio of Nπσππ/NNσπN remains rather constant
and the denominator in Eq. (19) increases with energy similar
to the volume. Below 11.5 GeV, the NNσπN term becomes the
dominant term and it increases at lower energies as does the
volume. At higher energies, this scenario is consistent with
the nearly universal trend of the volume on ⟨dNch/dη⟩ and,
therefore, Rside and Rlong on ⟨dNch/dη⟩1/3 [34]. It is interesting
that the multiplicity dependence for Rside begins to deviate
slightly from this trend for 7.7 and 11.5 GeV in Fig. 9, which
is the same region where the system changes from π -N to π -π

dominant. Also, the argument above neglects the influence
from less abundant species including kaons, but it has been
observed that strangeness enhancement occurs in this same
region of

√
sNN [76].

Another change that occurs in this region is the rapid
increase of v2 around

√
sNN = 2–7 GeV. In the region around

7.7 to 11.5 GeV, the slope of v2(
√

sNN) begins to level
off [49,77]. A possibility is that the deviation of Rside for
7.7 and 11.5 GeV is related to the onset of flow-induced
space-momentum correlations. The E802 results at 4.8 and 5.4
GeV in the right column of Fig. 9 are qualitatively similar to the
STAR 7.7 GeV results for Rside, but considering that the STAR
⟨dNch/dη⟩1/3 values are slightly underestimated, the E802
results probably deviate slightly more relative to the higher
energies than even the 7.7-GeV data. For Rout, however, the
E802 results are significantly larger than the STAR 7.7-GeV
points. This could be consistent with the effects of flow.
Transverse flow should reduce the size of the regions of
homogeneity and is expected to affect Rout much more than
Rside. This was reflected already in the larger slope for the
⟨mT ⟩ dependence of Rout relative to Rside in Fig. 8. It would
be interesting to study these trends at lower energies with a
single detector where many interesting physical changes are
occurring simultaneously.

An alternative explanation of the minimum observed in
the volume measurement in Fig. 10 is provided by ultrarela-
tivistic quantum molecular dynamics (UrQMD) calculations.
In Ref. [78], UrQMD also finds a minimum between AGS
and SPS energies but, in this case, the cause is related to a
different type of change in the particle production mechanism.
At the lowest energies pions are produced by resonances,
but as the energy increases more pions are produced by
color string fragmentation (accounting for color degrees of
freedom) which freeze out at an earlier, smaller stage (thus,
a smaller volume is measured). At even higher energies, the
large increase in pion yields cause the volume to increase once
more. This explanation suggests that a change from hadronic
to partonic degrees of freedom cause the minimum in the
volume measurement. Allowing a mean-field potential to act
on these preformed hadrons (the color string fragments) leads
UrQMD to predict Rout/Rside values near the observed values
(≈1) for the whole energy range from AGS to SPS [79].
Simultaneously, inclusion of the mean field for preformed
hadrons causes UrQMD to reproduce the net proton rapidity
distribution and slightly improves its prediction for v2(pT ) at
intermediate pT .

As one last application of the data, the lifetime of the
collisions is extracted in a study analogous to Ref. [36]. We
also assume a kinetic freeze-out temperature of T = 0.12 GeV
and fit the data in Fig. 8 using Eq. (18). The results are plotted
in Fig. 11. The STAR results are all for 0%–5% collisions
with ⟨kT ⟩ ≈ 0.22 GeV/c. Again, there are some variations in
the centrality ranges, as in Fig. 6, for the historical data. The
extracted lifetime appears to increase from around 4.5 fm/c
at the lowest energies to around 7.5 fm/c at 200 GeV, an
increase of an approximate factor of 1.7. The ALICE point
suggests a much longer-lived system, above the trend observed
at lower energies. Varying the temperature assumed in the fits
to T = 0.10 GeV to T = 0.14 GeV causes the lifetimes to

014904-15

- Fireballの体積はRHICからLHCで約2倍になっている 
- (RlongのmT依存性から得られる) 系の寿命 τ は、数GeVから200 GeVで約2倍に。 

200 GeVからLHCエネルギーに行くと、約1.4倍になる。
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FIG. 11. (Color online) The lifetime, τ , of the system as a
function of beam energy for central Au + Au collisions assuming
a temperature of T = 0.12 GeV at kinetic freeze-out. Statistical
uncertainties from the fits are smaller than the data points. For all
experiments except E895, which did not report systematic uncertain-
ties, error bars indicate systematic uncertainties, based on reported
systematic uncertainty on Rlong. The line extrapolates between the
lowest and highest energy. The text contains a discussion about
variations in centrality and analysis techniques between different
experiments. The yellow band demonstrates the effect on τ of varying
the assumed temperature by ±0.02 GeV.

increase by 13% and decrease by 10%, respectively, for all
energies, as indicated by the yellow band. As noted in Ref. [36],
owing to effects from nonzero transverse flow and chemical
potential for pions, the use of Eq. (18) may significantly
underestimate the actual lifetimes.

B. Azimuthally differential HBT

The detailed results of the azimuthally differential analysis
are presented in Figs. 12 through 27. Earlier, Fig. 4 presented
an example of the second-order oscillations of the HBT radii
relative to the event plane for a single energy, centrality, and
rapidity. These second-order oscillations are represented by
zeroth- and second-order Fourier coefficients, as described in
Sec. V A. The Fourier coefficients are presented as a function
of Npart in two figures for each energy, starting with Figs. 12
and 13 for 7.7 GeV and continuing through Figs. 24 and 25 for
200 GeV. For each energy, the first figure compares midrapidity
results from the HHLW and global fit methods while the second
compares forward, backward, and midrapidity results obtained
using the global fit method. Each set of Fourier coefficients for
a given Npart (centrality), rapidity, and energy encodes all the
information for oscillations similar to those in Fig. 4.

In each of the figures showing the Fourier coefficients, the
zeroth-order coefficients are presented in the middle column,
for the squared radii in the out, side, and long directions
(R2

o,0, R2
s,0, R2

l,0) and the out-side cross term (R2
os,0). These

values are expected to correspond to radii from the azimuthally
integrated analysis. This correspondence is demonstrated in
the first Fourier coefficient figure for each energy which also
includes the azimuthally integrated results (red crosses) for
direct comparison. As in the azimuthally integrated case,
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FIG. 12. (Color online) Centrality dependence of the Fourier
coefficients that describe azimuthal oscillations of the HBT radii,
at midrapidity (−0.5 < y < 0.5), in 7.7-GeV collisions with ⟨kT ⟩ ≈
0.31 GeV/c. Open symbols are results using separate Gaussian fits
to each angular bin, the HHLW method. Solid circles represent
results using a single global fit to all angular bins to directly extract
the Fourier coefficients. Crosses directly compare the azimuthally
integrated radii and the zeroth-order Fourier coefficients. Error bars
include only statistical uncertainties. The 0%–5% and 5%–10%
global fit points have been excluded.

the diagonal radii increase with centrality, while the R2
os,0

cross term remains about zero for all centralities. In the right
column of these figures, ratios of second-order to zeroth-
order coefficients are presented, also for the out, side, long,
and out-side parameters. The ratios that are presented have
been connected to the freeze-out geometry, especially for
the R2

s,2/R
2
s,0 case. The left column of each of the figures

contains the parameters for the out-long cross term. The
zeroth-order values, R2

ol,0, are nonzero away from midrapidity
and show interesting dependence on energy and centrality that
is discussed later.

1. Comparison of fit methods

This section provides a comparison of the HHLW fit method
and the global fit method used in the azimuthally differential
analysis at midrapidity. The first Fourier coefficient figure for
each energy is relevant for this discussion. For Sec. VI B 2, the
second Fourier coefficient figure for each energy is relevant
for the discussion of centrality and rapidity dependence of the
Fourier coefficients.

The results using the two fit methods are generally consis-
tent for most of the parameters. For each energy, the first figure
compares the Fourier coefficients from the two fit methods at
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FIG. 7. (Color online) (Top) The difference between the squared
transverse HBT radii are plotted as a function of the collision energy
for STAR and ALICE measurements of the most central heavy ion
collisions. (Bottom) The ratio of the out and side HBT radii for
STAR and ALICE are plotted for the same collisions. In both cases,
statistical errors are shown by solid error bars. Systematic errors are
shown only for the data at mT = 0.33 GeV (mT = 0.38 GeV) for
STAR (ALICE); systematic errors are common for all mT cuts. The
systematic errors are driven by two-track cuts that are common to
all STAR energies and so are drawn only for the

√
sNN = 62.4-GeV

data.

on the algorithm used [22]. Calculations that rely strictly
on freeze-out distributions and bypass calculation of the
momentum-space correlation function, often yield HBT radii
that are much too large, whereas the ratios between them are
closer to experimental values [22,67].

In the hydrodynamic calculation of Rischke and Gyulassy,
which included flow, Rout/Rside exhibited a peak as the energy
density of the system nears the threshold of a first-order phase
transition or rapid crossover transition [63]. This ratio is shown
in the bottom panel of Fig. 6 for the world’s data set. A small
peaking behavior in the STAR data is obscured by the historical
SPS and AGS data. The excitation function is clearer if the
STAR and ALICE data are viewed separately, as seen in the
bottom panel of Fig. 7 [68]. For all mT ranges, the ratio peaks
at

√
sNN ≈ 20 GeV.

It is not unreasonable to examine the RHIC and LHC data on
their own. Femtoscopic techniques, including various methods
for accounting for the Coulomb repulsion between the pions,
have evolved over time [22]; STAR and ALICE use the Bowler-
Sinyukov formalism [54,55], which affects particularly the
outward radius [33]. Furthermore, the detector acceptance and
two-track efficiency change as a function of collision energy
in a fixed-target experiment, which can complicate detection
of a subtle trend in an observable with

√
sNN. Midrapidity

measurement with collider experiments such as STAR and
ALICE are performed with uniform coverage independent
of collision energy. Finally, systematic errors vary from one
experiment to another. While the systematic error on Rout/Rside
(shown as a gray band in Fig. 7) is significant, it is common
for all

√
sNN, so the peak in the ratio is statistically significant.

The peak in R2
out − R2

side and Rout/Rside is intriguing,
especially because it occurs around a collision energy where
several other observables [69–72] show nontrivial trends
that may indicate a change in the underlying physics at
these energies. However, conclusive interpretation of the
femtoscopic data presented here must await comparison with
theoretical calculations.

The value of Rlong has been related to the kinetic freeze-out
temperature, T , and lifetime, τ , of the system by the relation
[23,73,74]

Rlong = τ

√
T

mT

K2(mT /T )
K1(mT /T )

, (18)

where K1(mT /T ) and K2(mT /T ) are modified Bessel func-
tions. The kinetic freeze-out temperature is not expected to
change much with

√
sNN. Therefore, the rise of Rlong suggests

that the total lifetime of the system is increasing with energy.
At the end of this section Eq. (18) is used to extract τ as a
function of

√
sNN given certain assumptions.

The systematic errors for STAR points at all energies (from
Table II) are of similar size to error bar for 39 GeV, shown as
a representative example. Errors on other results are statistical
only to emphasize the trend.

Figure 8 shows the ⟨mT ⟩ dependence of the HBT param-
eters for each energy. As mentioned earlier, the decrease in
transverse and longitudinal radii at higher mT are attributed
to transverse and longitudinal flow [23,66]. Larger mT pairs
are emitted from smaller emission regions with less correspon-
dence to the size of the entire fireball. For both Rout and Rside the
different beam energies show similar trends in both magnitude
and slope. For Rlong, the slopes appear to remain similar for
the different energies, but the magnitude of Rlong increases
with energy for all centralities. From these observations, and

014904-13

τ: 系の寿命
<latexit sha1_base64="Mq2ro6+xcAjVw4zIua+SGs3uXtA=">AAACJHicbVDNS8MwHE3n15xfVcGLl+AQBGG0Y6gXYejF44R9wdaVNEu3sCStSSqMun/Ggxf9U7yJBy/+G15ttx7c5oPA473fV54XMqq0ZX0ZuZXVtfWN/GZha3tnd8/cP2iqIJKYNHDAAtn2kCKMCtLQVDPSDiVB3GOk5Y1uU7/1SKSigajrcUgcjgaC+hQjnUiuecTdOryGXfUgdTxy673yOe+VJ65ZtErWFHCZ2Bkpggw11/zp9gMccSI0Zkipjm2F2omR1BQzMil0I0VChEdoQDoJFYgT5cTT+yfwNFH60A9k8oSGU/VvR4y4UmPuJZUc6aFa9FLxP68Taf/KiakII00Eni3yIwZ1ANMwYJ9KgjUbJwRhSZNbIR4iibBOIpvbks6WyldzP4k9niZlL+ayTJrlkn1RqtxXitWbLLM8OAYn4AzY4BJUwR2ogQbA4Ak8g1fwZrwY78aH8TkrzRlZzyGYg/H9C1FbpRo=</latexit>

mT =
q

k2T +m2

STAR, PRC92, 014904 (2015)

Eur. Phys. J. A (2020) 56 :140 Page 17 of 20 140

 [GeV]NNs
10 210 310

]2
 [f

m
2 si

de
-R

2 ou
t

R

-10

0

10

-π-πHADES
+π+πHADES

-π-πE895
-π-πE866
+π+πE866
-π-πNA49

+π+π+-π-πCERES
+π+π+-π-πSTAR
+π+π+-π-πALICE

 = 330 MeVtm

Fig. 18 The same as Fig. 17, but for the derived quantity R2
out − R2

side

agated and quadratically added to the differences between
linear and cubic-spline interpolations. Extrapolations were
not necessary at this mt value. Rout and Rside vary not more
than 40% over three orders of magnitude in center-of-mass
energy. Only Rlong exhibits a steady increase by about a fac-
tor of two when going in energy from SIS18 via AGS, SPS,
RHIC to LHC. Note that in the excitation functions shown in
Ref. [41] not all, particularly AGS, data points were properly
corrected for their kt dependence.

The excitation function of R2
out − R2

side for an average
transverse momentum of the pion pairs of kt = 300 MeV/c
in central collisions is shown in Fig. 18. Almost all other mea-
surements below 10 GeV are characterized by large errors
and scatter sizeably. The new HADES data show that the
difference of the source parameters in the transverse plane
almost vanishes at low collision energies. Since this quantity
is related to the emission duration via Eq. (17), one would
conclude that in the 1A GeV energy region the observed
pions are emitted into free space during a short time span
of less than a few fm/c (cp. also Figs. 14 (bottom right) and
16 displaying similar data divided by ⟨β2

t ⟩ for centralities
of 0–10% and 10–30%, respectively, but for different trans-
verse momenta). However, also the opaqueness of the source
affects R2

out − R2
side which could cause it to become nega-

tive, thus compensating the positive contribution of the emis-
sion duration [40]. We also emphasize that, with increasing
available energy, this quantity reaches a local maximum at√
sNN ∼ 20−30 GeV and afterwards decreases towards zero

at LHC energies.
The excitation function of the approximate volume of the

region of homogeneity, Eq. (25), for central collisions is given
in Fig. 19. Here, we chose this approximation, in contrast
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Fig. 19 The same as Fig. 17, but for the derived approximate volume
of the region of homogeneity, Eq. (25)

to Eq. (24), for the sake of comparability with other experi-
ments. Note that this definition of a three-dimensional Gaus-
sian volume does not incorporate Rout since this length is
potentially extended due to a finite value of the aforemen-
tioned emission duration. For the large transverse momenta
selected, the differences of the azimuthally-integrated and
azimuthally-sensitive analyses as well as the charge-sign
splitting largely vanish, cp. Figure 10 exhibiting the strong
transverse-momentum dependence of the volume, especially
for π−π− pairs. From the above HADES data, we estimate
a volume of about 850 fm3 for constructed π̃0π̃0 pairs. This
volume of homogeneity steadily increases with energy, but
appears merely a factor four larger at LHC. Extrapolating the
volume to kt = 0 yields a value of about 3900 fm3.

Similar excitation functions at other transverse momenta
or centralities (with proper interpolation/extrapolation of the
transverse-momentum and centrality dependences) can be
derived from the source parameters summarized in Tables 2,
3, 6, and 7.

5 Summary and outlook

We presented high-statistics π−π− and π+π+ HBT data
for Au + Au collisions at 1.23A GeV. The three-dimensional
Gaussian emission source is studied in dependence on trans-
verse momentum and collision centrality. It is found to follow
the trends observed at higher collision energies, extending the
corresponding excitation functions towards very low ener-
gies. A surprisingly small variation of the space-time extent
of the pion emission source over three orders of magnitude of√
sNN is observed. All source radii increase almost linearly
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FIG. 18. The centrality dependence of Rout, Rside, and Rlong.
Errors are statistical only. Here π+π+ and π−π− pairs in the mo-
mentum range 0.15 < pT < 0.8 GeV/c are used.

geometric size of the initial participant region and the subse-
quent emission region at freezeout.

2. Evolution from oblate to prolate freezeout configuration

Figure 19 shows Rside vs. Rlong for several different data
sets. STAR FXT and BES points use low-kT, π+π+ and
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FIG. 19. Rside vs. Rlong, which measures the
prolateness/oblateness of the pion emitting source when viewed
from beside the beam. HADES [76], ALICE [77], and STAR
[78] points include systematic errors; E895 [65] show statistical
errors only. STAR fixed target data correspond to pion pairs with
⟨kT ⟩ = 0.22 GeV/c from 0–5 % centrality events. The various
centrality, pT, and kT cuts used in the different experiments are
discussed in the text. The grey curve indicates the evolution of the
shape, as the collision energy is increased.

π−π− pion pairs, with ⟨kT⟩ ≈ 0.22 GeV/c. Events are drawn
from the 0–5 % centrality range. The ALICE point also
corresponds to 0–5 % centrality, but a slightly higher ⟨kT⟩
of ≈0.26 GeV/c. The E895 points use the cuts discussed
above. The collision energies (

√
sNN ) corresponding to each

experiment are indicated in GeV. The significantly different
acceptance and use of a different frame by E866 [66] affects
the longitudinal radius in a way very different from that for the
sideward. Hence, it makes little sense to include E866 data in a
graph which plots Rside versus Rlong; it is not shown in Fig. 19,
which is a direct comparison of similar measurements over
three orders of magnitude in energy.

A clear evolution in the freezeout shape is indicated in the
figure. Lower energy collisions generally produce more oblate
systems, and the shape of the emission region tends to be-
come more prolate as the collision energy is increased. In this
representation, the evolution follows a “swoosh” systematic,
indicated by the grey curve drawn to guide the eye. This trend
reflects the evolution from stopping-dominated dynamics at
low collision energies, to the approximately longitudinally-
boost-invariant scenario at the highest energies. The STAR
fixed-target point has Rside ≈ Rlong ≈ 4.5 fm, indicating a
source that is approximately round when viewed from the
side, just at the transition point between oblate and prolate
geometry.

3. Comparison to generic expectations due to a first-order phase
transition at RHIC

The femtoscopic radii reported [76] by the HADES col-
laboration are consistent with the oblate shape reported by
E895 at low energy. However, it is clear from Figs. 16 and 19
that the HADES radii are considerably smaller than would be
expected by simple extrapolation of earlier data. The reasons
for this are unclear, and speculation is outside the scope of
this paper. However, there are several experimental system-
atic effects that can shift femtoscopic radii. These include
treatment of Coulomb effects, non-Gaussian shapes of the
underlying correlation function (probed by varying the fitting
range in |q⃗|), and q⃗-dependent particle-identification purity.
In addition, collision centrality definition and single-particle
acceptance can vary slightly from one experiment to the next,
complicating comparisons. Ideally, such effects would be
corrected for, or accounted for as part of the systematic uncer-
tainty; however, subtle effects may persist and may be unique
to a given experimental configuration. Importantly, however,
most of these effects affect Rout, Rside, and Rlong in the same
way. Differences and (especially) ratios of femtoscopic radii
are less susceptible to experiment-specific artifacts.

In the absence of collective flow, the emission timescale
is related [60] to the transverse femtoscopic radii as β2τ 2 =
R2

out − R2
side, where β is the transverse velocity of the emitted

pions. While collective flow complicates the interpretation
[80], an extended emission timescale will increase Rout rel-
ative to Rside. A long emission timescale may arise if the
system equilibrates close to the deconfinement phase bound-
ary and then evolves through a first-order phase transition in
the QCD phase diagram [60,69]. Relativistic hydrodynamic
calculations [59] predict that a QCD first-order phase tran-
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Figure 3: because particles with heavier masses have smaller thermal velocities,
their source volumes are more strongly confined by collective flow. For longitudi-
nal flow (left panel) this results in smaller values of Rlong for particles with higher

mT =
√

m2 + p2
T . For radial flow (right panel) this confines heavier particles

toward the surface, which results in both a reduced volume and an offset ∆r in
the outward direction.

emitting zero-rapidity particles is determined by the distance one can move be-
fore the collective velocity overwhelms the thermal velocity to force the emission
function back to zero. The size can then be expressed as:

Rlong ≈
Vtherm

dv/dz
= Vtherm⟨t⟩. (24)

Whereas Rout/Rside gives information about the suddenness of emission, Rlong

provides insight into the mean time at which emission occurs given an estimate
of the thermal velocity.

For a thermal source with relativistic motion, the thermal velocity along the
beam axis is determined by the temperature and the transverse mass, mT =
√

m2 + p2
T (63). For large mT the thermal velocity in the longitudinal direction

becomes non-relativistic, Vtherm =
√

T/mT , and the source size falls as 1/
√

mT

which is referred to as mT scaling (87). This is illustrated in Figure 3. However,
this assumes all particles are emitted with the same Bjorken time τB and tem-
perature, independent of the transverse mass. because particles with high mT

are probably emitted at lower τB, and because the temperature roughly behaves

at τ−4/3
B , the longitudinal size could fall even more quickly than m−1/2

T .
In a boost invariant expansion, emission is a function of the Bjorken time

τB =
√

t2 − z2, not the time t, and because t =
√

τ2
B + z2, those particles emitted

with small z have a head start. This is sometimes referred to as an inside-
outside cascade. The transverse shape of S(r) is then affected non-trivially by the
expansion along the beam. The resulting correlation function can be calculated
analytically in the case of pure identical-particle correlations (88; 89).

Boost invariance is incorporated into blast-wave models with transverse expan-
sion and assumed for many hydrodynamic models. The finite size of the system

- AGSからRHIC、RHICからLHCへとエネルギーを上げると 
“oblate”から”prolate”シェイプへと変化。 
→ nuclear stoppingからnuclear transparency、 
　高エネルギーではlongitudinal boost invariant、の描像と一致。 

- 大体、4.5 GeVがその変化の中間点。

横方向から見た時の形

ビーム方向
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where the !1" !# and ! terms account for the nonparti-
cipating and participating fractions of pairs, respectively,
N is a normalization parameter, and G!q;!# is the
Gaussian correlation model [23]:

G!q;!# $ e"q2oR2
o!!#"q2sR2

s !!#"q2l R
2
l !!#"qoqsR2

os!!#: (2)

R2
i are the squared HBT radii, where the l, s, and o

subscripts indicate the long (parallel to beam), side (per-
pendicular to beam and total pair momentum), and out
(perpendicular to ql and qs) decomposition of q with an
additional cross term [27]. Fitting with Eq. (1) caused Ro
to increase 10%–20% compared to Coulomb correcting
all pairs, while Rs and Rl, respectively, are consistent
within errors.

Figure 1 shows the squared HBT radii, obtained using
Eq. (1), as a function of ! for three centrality classes. All
pairs with pair transverse momentum 0:15 % kT %
0:6 GeV=c are included, and each centrality is divided
into 12 ! bins of 15& width. The data point at ! $ " is
the reflected ! $ 0 value, and solid lines indicate Fourier
expansions of the allowed oscillations [24]:

R2
#;n!kT# $

! hR2
#!kT;!# cos!n!#i !# $ o; s; l#;

hR2
#!kT;!# sin!n!#i !# $ os#: (3)

As expected [3], the 0th-order Fourier coefficient (FC)
indicates larger apparent source sizes for more central
collisions. We verified that the 0th-order FC corresponds
to the HBT radii from an azimuthally integrated analysis.

Strong 2nd-order oscillations are observed for R2
o, R2

s ,
and R2

os, and the signs of the oscillations are qualitatively
self-consistent [10,24], though the amplitude for most-
central events is small. Similar oscillations were observed

in a statistics-limited analysis of minimum-bias Au' Au
collisions at

""""""""

sNN
p $ 130 GeV [28]. These oscillations

correspond to a pion source spatially extended perpen-
dicular to the reaction plane, as discussed below. The next
terms (4th order) in the Fourier expansions [Eq. (3)] are
consistent with zero within statistical errors.

The kT dependence of the oscillations of the HBT radii
may contain important information on the initial condi-
tions and equation of state of the system [29]. Figure 2
shows the ! dependence of HBT radii for midcentral
(20%–30%) events for four kT bins. Because of the addi-
tional division of pairs in kT , only four bins in ! are used.
The 0th-order FC increases with decreasing kT , which
was observed for azimuthally integrated HBTanalyses at
""""""""

sNN
p $ 130 GeV [3] and attributed to pion emission
from an expanding source. Strong out-of-plane oscilla-
tions are observed for all transverse radii in each kT bin.

The full results are summarized in Fig. 3, which shows
the centrality dependence of the Fourier coefficients for
three ranges of kT . The number of participants for each
centrality was determined using a simple nuclear overlap
model [19]. Systematic variations of the HBT radii arise
due to their sensitivity to the antimerging cut threshold
and uncertainty associated with the Coulomb procedure
[3]. The total variation is largest for R2

o;0 ((10%). The
systematic variation on the relative amplitudes plotted in
the right panels of Fig. 3 are negligible compared to
statistical errors. Also, all correlation functions compos-
ing Fig. 3 are corrected for momentum resolution follow-
ing our prescription in Ref. [3].
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FIG. 1 (color online). Squared HBT radii using Eq. (1) rela-
tive to the reaction plane angle for three centrality classes. The
solid lines show allowed [24] fits to the individual oscillations.
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FIG. 2 (color online). Squared HBT radii relative to the
reaction plane angle for four kT (GeV=c) bins, 20%–30%
centrality events. The solid lines show allowed [24] fits to the
individual oscillations.
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012301-4 012301-4

STAR, PRL93, 012301 (2004)

- 中心衝突から周辺にいくと、振幅が大きくなる。 
→楕円形状が見えている。楕円が反転する前にフリーズアウトしているとも言える 
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on average larger oscillations for R2
side. Our relative ampli-

tudes for R2
out;2=R

2
side;0, R

2
side;2=R

2
side;0, and R

2
os;2=R

2
side;0 show

a clear centrality dependence, whereas the R2
long;2=R

2
long;0 is

very close to zero for all centralities, similarly to the results
from RHIC [19,22,34].
The source eccentricity is usually defined as

ε ¼ ðR2
y − R2

xÞ=ðR2
y þ R2

xÞ, where Rx is the in-plane radius
of the (assumed) elliptical source and Ry is the out-of-plane

radius. As shown in Ref. [32] the relative amplitudes of side
radii oscillations are mostly determined by the spatial
source anisotropy and are less affected by dynamical effects
such as velocity gradients. The source eccentricity at
freeze-out εfinal can be estimated from R2

side oscillations
at small pion momenta with an accuracy within 20%–30%
as εfinal ≈ 2R2

side;2=R
2
side;0 [32].

Figure 4 presents 2R2
side;2=R

2
side;0 for different kT ranges

as a function of the initial-state eccentricity for six different
centralities and four kT bins. For the initial eccentricity, we
have used the nucleon participant eccentricity from the
Monte Carlo Glauber model for both, Au-Au collisions atffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV [18] and Pb-Pb collision at
ffiffiffiffiffiffiffiffi
sNN

p ¼
2.76 TeV [35]. Our results for all kT bins are significantly
below the values of the initial eccentricity indicating a
more intense expansion in the in-plane direction. Due to
relatively large uncertainties of the RHIC results for narrow
kT bins, we compare our results only to the average STAR
data [22] in 0.15 < kT < 0.6 GeV=c and to PHENIX
results [18] corresponding to 0.2 < kT < 2.0 GeV=c
(hkTi ¼ 0.53 GeV=c). We find a smaller final-state
anisotropy in the LHC regime compared to RHIC energies.
This trend is qualitatively consistent with expectations from
hydrodynamic and transport models [20,21]. The final-state
eccentricity remains positive also at the LHC, evidence of
an out-of-plane elongated source at freeze-out. In Fig. 4, we
also compare our results to the 3þ 1D hydrodynamic
calculations [33], which were performed for similar central-
ities and kT ranges as in the experiment. This model slightly
underestimates the final source eccentricity.
In conclusion, we have performed a measurement of

two-pion azimuthally differential femtoscopy relative to
the second harmonic flow plane in Pb-Pb collisions atffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV. The out, side, and out-side radii exhibit
clear oscillations while the long radius is consistent with a
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FIG. 2. The average radii R2
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function of centrality for different kT ranges compared to
hydrodynamical calculations [33]. Square brackets indicate the
systematic errors.
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FIG. 3. Amplitudes of the relative radius oscillations
R2
out;2=R

2
side;0, R

2
side;2=R

2
side;0, R

2
long;2=R

2
long;0, and R2

os;2=R
2
side;0 ver-

sus centrality for the kT ranges 0.2–0.3, 0.3–0.4, 0.4–0.5, and
0.5–0.7 GeV=c. The error bars indicate the statistical uncertain-
ties and the square brackets show the systematic errors. The
STAR data points, for 0%–5%, 5%–10%, 10%–20%, 20%–30%
and 30%–80% Au-Au collisions, are slightly shifted for clarity.
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PRL 118, 222301 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
2 JUNE 2017

222301-4

← Glauberモデルから計算した衝突初期の楕円率

HBT測定から見積もられる　→ 
フリーズアウト時の楕円率 εfinal

STAR, PRL93, 012301 (2004)  
PHENIX, PRL112, 222301 (2014) 
ALICE, PRL118, 222301 (2017)

"n =
hr2 cos[n(�� n)]i

hr2i

初期 フリーズアウト時

- フリーズアウト時の楕円率は、衝突初期に比べて小さくなっている。 
ただし、球形 (ε=0) や符号が変わるほどではない。←膨張の強さと寿命の関係にもよる 

- low kT極限であれば、dynamicalな影響は少ない。 ~30%程度の誤差はある。
Retiere and Lisa, PRC70, 044907 (2004)
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STAR, PRC92, 014904 (2015)  初期 フリーズアウト時

- フリーズアウト時の楕円率は、エネルギーが高くなると (より強い膨張により) 小さくなっている 
- 状態方程式や初期条件にも敏感

Retiere and Lisa, PRC70, 044907 (2004)

L. ADAMCZYK et al. PHYSICAL REVIEW C 92, 014904 (2015)
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FIG. 28. (Color online) The dependence of the kinetic freeze-out eccentricity of pions on collision energy in midcentral Au + Au collisions
(E895, STAR) and Pb + Au collisions (CERES) for three rapidity regions and with ⟨kT ⟩ ≈ 0.31 GeV/c. For clarity, the points for forward and
backward rapidity from STAR are offset slightly. Error bars include only statistical uncertainties. Several (2 + 1)-dimensional hydrodynamical
models and UrQMD calculations are shown. Model centralities correspond to the data. The trend is consistent with a monotonic decrease in
eccentricity with beam energy. Systematic measurement uncertainty on ϵ is about the size of the data points (0.005) and independent of

√
s NN.

This systematic uncertainty is significantly smaller than statistical uncertainties and so is not drawn, to reduce clutter.

VII. CONCLUSIONS

The two-pion HBT analyses that have been presented
provide key measurements in the search for the onset of
a first-order phase transition in Au + Au collisions as the
collision energy is lowered. The Beam Energy Scan program
has allowed HBT measurements to be carried out across a wide
range of energies with a single detector and identical analysis
techniques. In addition to standard azimuthally integrated mea-
surements, we have performed comprehensive, high-precision,
azimuthally sensitive femtoscopic measurements of like-sign
pions. To obtain the most reliable estimates of the eccentricity
of the collisions at kinetic freeze-out, a new global fit method
has been developed.

A wide variety of HBT measurements have been performed
and the comparison of results at different energies is greatly
improved. In the azimuthally integrated case, the beam energy
dependence of the radii generally agree with results from other
experiments, but show a much smoother trend than the earlier
data, which were extracted from a variety of experiments
with variations in analysis techniques. The current analyses
additionally contribute data in previously unexplored regions
of collision energy. The transverse mass dependence is also
consistent with earlier observations and allows one to conclude
that all kT and centrality bins exhibit similar trends as a
function of collision energy.

The energy dependence of the volume of the homogeneity
regions is consistent with a constant mean free path at freeze-
out, as is the very flat energy dependence of Rout. This scenario
also explains the common dependence of Rside and Rlong on the
cube root of the multiplicity that is observed at higher energy.

For 7.7 and 11.5 GeV, Rside appears to deviate slightly from
the trend at the higher energies. Two physical changes that
may potentially be related to this are the effects of strangeness
enhancement (not included in the argument for a constant mean
free path at freeze-out) and the rapid increase in the strength of
v2 that levels off around 7.7 to 11.5 GeV. Both of these physical
changes occur in the vicinity of the minimum. A systematic
study with a single detector at slightly lower energies would
be needed to help disentangle the different effects.

The UrQMD model provides an alternative explanation for
the minimum in the volume measurement in terms of a change
from a hadronic to a partonic state. Including interactions
between color string fragments early in the collision, it not only
can explain the minimum in the volume, but is also able to find
Rout/Rside values close to unity as observed from AGS through
RHIC energies and improves the agreement between UrQMD
and other observables at the same time. It is interesting
that such an interaction potential may somewhat mimic an
increase in the pressure gradients, which may correlate with
the observation that v2 increases rapidly with

√
sNN in this

region also.
The lifetime of the collision evolution was extracted using

the ⟨mT ⟩ dependence of Rlong. Subject to certain assumptions,
the lifetime increases by a factor 1.7 from AGS to 200-GeV
collisions measured at STAR. The lifetime increases by about
1.4 times more between RHIC and the LHC. The magnitude
of the increased lifetime effect is well beyond systematic
measurement uncertainties.

A new global fit method was developed and studied in
relation to the HHLW fit method. For most centralities, this

014904-24
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Ψ3

答えは….  BまたはC (ケースバイケース。Aもあり得る…)

Ψ3’ ?

8

data. (iv) For both R2
s and R2

o, the oscillations for the ge-
ometrically deformed source and for the source with only
a deformed flow profile are out of phase by π/3. Only for
the flow-anisotropy-dominated case (thick red lines) do
the HBT radii oscillate in phase with the experimental
observations.
Fig. 4 illustrates that, in a coordinate system whose

x axis points along the triangular flow vector such that
Ψ3 =0, the sources for these two scenarios appear ro-
tated by 60◦ relative to each other. The left sketch shows
the 50% contour of the emission function for pions with
K⊥=0 for the source with ϵ̄3 =0.25, v̄3 =0 while the
source corresponding to the right sketch has ϵ̄=0 and
v̄3 =0.25.

!3

!a"

!3

!b"

FIG. 4: Half-maximum contour plots for the emission func-
tions for K⊥ =0 pions, for two sources with ϵ̄=0.25, v̄3 =0
(“geometry dominated”, left) and with ϵ̄=0, v̄3 =0.25 (“flow
anisotropy dominated”, right). In both cases the sources are
oriented such that the triangular flow angle Ψ3 points in x
direction.

Of course, in general the source will exhibit flow and
geometric anisotropies concurrently. Figure 5 shows
the triangular oscillations of R2

o,s for a sequence of
sources that all have the same triangular flow anisotropy
v̄3 =0.25 but feature varying degrees of spatial triangu-
larity ϵ̄3. The oscillation amplitudes, as well as the mean
values, of both R2

s and R2
o increase monotonically with

triangularity ϵ̄3. As Fig. 1 shows, just after ϵ̄3 reaches the
value 0.26, the flow angle Ψ3 flips from 0 to π/3. This
is reflected in Fig. 5 by a sudden 60◦ phase shift rela-
tive to Ψ3 of both R2

s and R2
o oscillations. For the given

flow anisotropy v̄3 =0.25, as long as ϵ̄3 < 0.26, R2
o has a

minimum for emission along the triangular flow plane,
as observed in experiment; only for spatial deformation
ϵ̄3 > 0.26 the outward radius becomes maximal for emis-
sion in Ψ3 direction. The observed phase of the sideward
and outward HBT thus tells us only that the measured
HBT oscillations correspond to a source in which triangu-
lar flow anisotropies dominate over geometric triangular
deformation effects that are boosted by superimposed ra-
dial flow. Thus, while a direct measurement of ϵ̄3 is not
possible, the observed oscillation phase can perhaps be
used to put limits on the ratio ϵ̄3/v̄3 in theoretical mod-
els. It is, however, likely that such limits depend on the
details of the model emission function.
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FIG. 5: (Color online) Triangular oscillations of R2
s (a) and

R2
o (b) for pion pairs with momentum K⊥ =0.5GeV, as a

function of emission angle Φ relative to the triangular flow
direction Ψ3. Shown are results for a source with fixed tri-
angular flow anisotropy v̄3 =0.25, for a range of triangular
spatial deformations ϵ̄3. One sees that the phase of the HBT
oscillations relative to the flow angle Ψ3 flips by π/3 between
ϵ̄3 = 0.25 and 0.3, as a result Ψ3 itself flipping by π/3 (see
Fig. 1).

To explore this last question a bit further, we
return to the completely “geometry dominated”
(ϵ̄=0.25, v̄3 =0) and completely “flow anisotropy dom-
inated” (ϵ̄=0, v̄3 =0.25) sources studied in Figs. 3 and
4. In Fig. 6 we show for these extreme models the K⊥-
dependence of their third-order oscillation amplitudes
R2

s,3 and R2
o,3. At low K⊥, the opposite signs of the os-
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FIG. 6: (Color online) K⊥-dependence of the third-order os-
cillation amplitudes of R2

s and R2
o, for the “geometry domi-

nated” (a) and “flow anisotropy dominated” (b) sources stud-
ied in Figures 3 and 4.

←ここから見た(測定した) 
サイズR1

←
こ
こ
か
ら
見
た

 
サ
イ
ズ

R2

突然ですが、Q. R1とR2はどちらが大きいですか？
A: R1<R2    
B: R1>R2 
C: R1=R2
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Ψ3

- 2次と異なり、静的な系では三角形状は見えない！膨張してる系では見えるはず。 
- Rsideはほぼフラット。Routの強い振幅は β3 (anisotropy in velocity field)による。 
- 終状態におけるε3はほぼゼロ（初期の三角形状は消えている） 

Ψ3’ ?

The oscillation amplitudes were extracted by fitting the
angular dependence of R2

μ to the functional form,

R2
μ ¼ R2

μ;0 þ 2
X

n¼m;2m

R2
μ;n cos½nðϕ −ΨmÞ& ðμ ¼ s; o; lÞ;

R2
μ ¼ 2

X

n¼m;2m

R2
μ;n sin½nðϕ −ΨmÞ& ðμ ¼ osÞ; (3)

where R2
μ;n are the Fourier coefficients [32].

Figure 2 shows the amplitudes relative to the average of
R2
s , R2

o, and R2
os, 2R2

μ;n=R2
ν;0, as functions of initial eccen-

tricity (ε2) and triangularity (ε3). Each εn is calculated by
Monte Carlo Glauber simulation as given in Refs. [15,33]

and decreases with increasing centrality; however, the
centrality dependence of ε3 is weaker than that of ε2.
The 2R2

s;2=R
2
s;0 [Fig. 2(a)] is sensitive to the final source

eccentricity (εfinal) at freeze-out [29], and approaches the
whole source eccentricity in the limit of kT ¼ 0. Our results
for the Ψ2 dependence are consistent with the STAR
experiment [10]. We note that the ε final defined from Rs
has a systematic uncertainty of 30% due to the assumption
of space-momentum correlation in the blast-wave model
[29]. The positive value of εfinal indicates that the source
shape still retains the initial shape extended out of plane,
though reduced in magnitude. Other combinations of
j2R2

μ;2=R
2
ν;0j also have similar εn dependence, but are larger

than 2R2
s;2=R

2
s;0. They include contributions from the

emission duration and will have different sensitivity to
the dynamics [34]. The 2R2

s;3=R
2
s;0 are less than or equal to

zero, which seems to be an opposite trend to other
combinations, as noted already in Fig. 1. For all amplitudes,
the values for third order are small compared to those for
second order.
It is well known that the HBT radii are influenced by the

presence of dynamical correlations between momentum
and spatial distributions at the time of freeze-out [35,36], as
evident in the transverse pair momentum kT dependence of
the radii. Figure 3 shows these results for the third-order
oscillation amplitudes. The R2

o;3=R
2
o;0 decreases with kT ,

whereas R2
s;3=R

2
s;0 does not show a significant dependence.

Although the reduced third-order anisotropy in Fig. 3
may indicate small triangular deformation at freeze-out,
its interpretation is complicated by the influence of
dynamical correlations from the triangular flow [40]. To
illustrate the different contributions of these effects, we
show separately the kT dependence for a source with radial
symmetry and triangular flow (ϵ̄3 ¼ 0, v̄3 ¼ 0.25) and a
source with triangular deformation and radial flow
(ϵ̄3 ¼ 0.25, v̄3 ¼ 0) [37]. The model curves are taken from
Ref. [40], but the radii are scaled by 0.3 to fit within the

10

15

20

25
Au+Au 200GeV

-π-π++π+π
=sµ

(a)

=oµ

(b)

=lµ

(c)

=osµ

(d)

10

15

20

25  0-10% 20-30%
sys. error

(e) (f) (g) (h)

=02
os R

]2
 [f

m
2 µ

R
n=

3
n=

2

 [rad]
n

Ψ - φ
-2 0 2 -2 0 2 -2 0 2 -2 0 2

FIG. 1 (color online). The azimuthal dependence of R2
s , R2

o, R2
l , and R2

os for charged pions in 0.2 < kT < 2.0 GeV=c with respect to
second-(a)–(d) and third-order (e)–(h) event plane in Auþ Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. The R2
os is plotted relative to dotted lines

representing R2
os ¼ 0. The filled symbols show the extracted HBT radii and the open symbols are reflected by symmetry around

ϕ −Ψn ¼ 0. Bands of two thin lines show the systematic uncertainties and dashed lines show the fit lines by Eq. (3).
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FIG. 2 (color online). The solid points are the oscillation
amplitudes relative to the average of HBT radii for four different
combinations (a) 2R2

s;n=R2
s;0, (b) 2R

2
os;n=R2

s;0, (c) 2R
2
o;n=R2

o;0, and
(d) 2R2

o;n=R2
s;0, as a function of initial spatial anisotropy (εn),

which are calculated using the Glauber model. Boxes show the
systematic uncertainties. Open star symbols are the εfinal from
STAR [10]. Dashed lines indicate the line of εn ¼ j2R2

μ;n=R2
ν;0j.

PRL 112, 222301 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
6 JUNE 2014

222301-5

PHENIX, PRL112, 222301 (2014) 
(my thesis work…)

Rside                            Rout                             Rlong                             Ros

Ψ2

Ψ3

ALICEでも同様の結果が報告されている：PLB785(2018)320
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- HBT半径はmTに近似的にスケールするが、中心衝突では明らかにbreakしている (kTの方がスケールする)。 
  ALICEのAA/ppでも同様の結果。ALICE, PRC96,064613(2017) 
- Blast-Wave modelでもそもそもmT scalingは成り立っていない

SYSTEMATIC STUDY OF CHARGED-PION AND KAON . . . PHYSICAL REVIEW C 92, 034914 (2015)
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FIG. 2. (Color online) Correlation functions of negative pions and charged kaons for 0%–10% centrality (a)–(c), where positive and
negative kaons are combined. Open boxes show the systematic uncertainties. Solid and dashed lines show the fit functions and the extracted
radii values are shown in the figure.

making C2(qs), the projection ranges of qo and ql should be
qo < 40 MeV and ql < 40 MeV]. The 1D correlation functions
shown in Fig. 2 are obtained by taking the ratio of the projected
A(q) and B(q) functions. The extracted HBT radii with the

statistical uncertainties are also shown in each panel. The width
of the enhancement at the low q region in the correlation
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the blast-wave parametrization. With the exception of the
time-scale parameters (system proper lifetime and emission
duration), which fall short of any realistic model calcula-
tions, the fit parameters are within expectations. This issue
may be resolved when new data on pion source radii become
available. Based on the published data in Au-Au collisions at
!sNN=130 GeV, we conclude that the blast-wave parametri-
zation provides a good description of the system freeze-out
stage.
This conclusion will be tested in the future, using the

sensitivity of the blast-wave parametrization to observables
that have been presented in the previous section: the oscilla-
tion of the pion radii with respect to the reaction plane and
the space-time separation between the emission points of dif-
ferent particle species. Using the parameters extracted from
the fits we have calculated the corresponding oscillation of
the pion radii with respect to the reaction plane (Fig. 54) and
the separations between the average space-time emission
point of pions, kaons, and protons (Fig. 55). We have also
calculated the kaon source radii as shown in Fig. 56 since
they may become available from the RHIC experiments
[87,88]. The blast-wave parametrization faces the challenge
of simultaneously reproducing a large variety of observables
that will be measured in Au-Au collisions at 200 GeV—
namely, (1) pion, kaon, proton, and ! transverse momentum
spectra, (2) the elliptic flow of many particle species, (3) the

pion source radii including the oscillations with respect to
the reaction plane, (4) the kaon source radii, and (5) the
space-time separation between pion, kaon, and proton
sources. If a satisfactory agreement between these various
measurements is achieved, it would provide evidence of a
collective expansion that would be very challenging to avoid.

FIG. 54. Oscillations of the pion source radii obtained with the
best fit parameters in the three centrality bins.

FIG. 55. Space-time separation between pions and kaons (left),
pions and protons (middle), and kaons and protons (right) calcu-
lated with the best fit parameters in the three centrality bins. Solid
line: parameters from fit to central data. Dashed line: parameters
from midperipheral data. Dotted line: parameters from fit to periph-
eral data.

FIG. 56. Kaon source radii (solid line) compared to the pion
radii (dashed line). The blast-wave calculations are performed with
the best fit parameters in each centrality bins.
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α parameter here

より一般化したLevy安定分布関数（α=2: Gauss,  α=1: Cauchy）

Csorgo, Hegyi, and Zajc, EPJC36(2004)67

the heavy ion collisions, a previously unknown tool is obtained to determine if the pions
are emitted from the neighborhood of the critical end point of the QCD phase diagram.

Furthermore, based on an universality class argument, we have determined that the
second order QCD phase transition at the critical end point will be signaled with the
value of α= 0.5, a very spiky Bose-Einstein correlation function indeed.

 0

 0.5

 1

 1.5

 2

 2.5

-1 -0.5  0  0.5  1

α

τ

Levy index of stability

Figure 3. Illustration of the behavior of the Lévy index of stability of Bose-Einstein correlations
as a function of the dimensionless temperature variable τ= (T −Tc)/Tc in the neighborhood of
the critical endpoint of the 1st order phase transition line in QCD. At the critical endpoint, the
phase transition becomes 2nd order and the Lévy index of stability decreases to the correlation
exponent of QCD. As this transition has the same universality class as that of the 3d Ising
model, one expects a decrease from the α ≈ 2 values that are characteristic to a Boltzmann
gas and normal diffusion to α = 0.5, corresponding to the correlation exponent of QCD at the
critical endpoint. As shown in Fig. 1, such a change in the shape parameter makes the Bose-
Einstein correlation functions much sharper than a simple Gaussian, so the spiky structure of the
correlation function could be used to search for this point experimentally.

CONCLUSIONS

We have recapitulated earlier results that indicate, that the general shape of the Bose-
Einstein or HBT correlation functions is a stretched exponential or Lévy stable form,
where the Lévy index of stability becomes a new shape parameter of the correlation
function with 0 < α≤ 2 and the popular Gaussian parameterization corresponds to the
α= 2 particular, special case. Then we have studied two physically interesting examples.

In case of particle emission from jets, we have recapitulated the connection between
the stability index of the Bose-Einstein/HBT correlation functions and the running
coupling constant of QCD.

We have also considered a scenario, when the power-law tail of a Lévy distribution of
the particle emission in the coordinate space appears due to a second-order QCD phase

(T-Tc)/Tc

α

16

k [GeV/c]0 0.05 0.1 0.15 0.2 0.25

2
C

1

1.1

1.2

1.3

1.4

1.5

1.6

Raw corr. function

 Coulomb factor×Raw corr. 

Coulomb factor

 Q)ε (1+× N ×;Q) α,R,λ(2
 C

 Q)ε (1+× N ×;Q) α,R,λ(2
(0)C

 Q)ε (1+×N 

 = 0.331-0.349 GeV/cT,  m−π−π = 200 GeV, NNsPHENIX 0-30% Au+Au @ 

 0.04± = 0.81 λ
 0.27) fm±R = (7.72 

 0.03± = 1.24 α
 0.002) c/GeV± = (-0.029 ε

 0.0004±N = 1.0072 
/NDF = 78/832χ

conf. level = 63.8%

)α Q⋅α exp(-R⋅λ=1+2
(0)C

Q [GeV/c]
0 0.05 0.1 0.15 0.2 0.25

(d
at

a-
fit

)/e
rro

r

0

-2

2

(a)

k [GeV/c]0 0.1 0.2 0.3 0.4 0.5 0.6

2
C

1

1.1

1.2

1.3

1.4

1.5

1.6

Raw corr. function

 Coulomb factor×Raw corr. 

Coulomb factor

 Q)ε (1+× N ×;Q) α,R,λ(2
 C

 Q)ε (1+× N ×;Q) α,R,λ(2
(0)C

 Q)ε (1+×N 

 = 0.655-0.675 GeV/cT,  m+π+π = 200 GeV, NNsPHENIX 0-30% Au+Au @ 

 0.12± = 1.17 λ
 0.43) fm±R = (5.97 

 0.05± = 1.13 α
 0.001) c/GeV± = (-0.012 ε

 0.0002±N = 1.0032 
/NDF = 169/1882χ

conf. level = 84.0%

)α Q⋅α exp(-R⋅λ=1+2
(0)C

Q [GeV/c]
0 0.1 0.2 0.3 0.4 0.5 0.6

(d
at

a-
fit

)/e
rro

r

0

-2

2

(b)

FIG. 3. Example fits of Bose-Einstein correlation functions of (a) ⇡�
⇡
� pair with mT between 0.331 and 0.349 GeV/c

2 and of
(b) ⇡

+
⇡
+ pair with mT between 0.655 and 0.675 GeV/c

2, as a function Q ⌘ |qLCMS|, defined in Eq. (26). Both fits show the

measured correlation function and the complete fit function (described in VIA), while a Bose-Einstein fit function C
(0)
2 (Q) is

also shown, with the Coulomb-corrected data, i.e. the raw data multiplied by C
(0)
2 (Q)/C2(Q). In this analysis we measured 62

such correlation functions (for ++ and �� pairs, in 31 mT bins), and fitted all of them with the method described in VIA. The
first visible point on both panels corresponds to Q values below the accessible range (based on an evaluation of the two-track
cuts), these were not taken into account in the fitting.
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atic uncertainties contain both mT -correlated and un-
correlated components. Uncertainties coming from the
variations of pair-cuts are mostly uncorrelated, while the
ones from the PID arm and fit extrapolation are mT -
correlated. As for the other sources of uncertainties, they
have an mT -correlated e↵ect on �, but an uncorrelated
e↵ect on R and ↵. There are clear di↵erences in the sys-
tematic uncertainties between the two mT regions both
in relative size and in distribution among the sources of
uncertainty. This translates into di↵erences in the mT -
correlated nature of the systematic uncertainties as well.
Let us also note here that the systematic uncertainties
are further mT -correlated because of the averaging pro-
cess described in Section V.
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FIG. 4. Correlation strength parameter � versus average mT

of the pair, for 0%–30% centrality collisions. Statistical and
systematic uncertainties are shown as bars and boxes.
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FIG. 5. Lévy scale parameter R versus average mT of the
pair. The graphical representation of statistical and system-
atic uncertainties is the same as in Fig. 4.
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FIG. 6. Lévy index parameter ↵ versus average mT of the
pair. Statistical and systematic uncertainties are indicated
similarly to Fig. 4. The horizontal line, ↵ = 1.207, represents
the 0%–30% centrality average value of ↵.

C. Discussion and interpretation of the results

In this subsection we discuss more subtle physical in-
terpretations of the measured trends of the parameters
of the two-pion Bose-Einstein correlation functions.
Starting with the Lévy exponent, we observe that in

each of the investigated cases, ↵ values were slightly
above 1. It is known that the value of the critical expo-
nent of the random field 3D Ising model is 0.5 [67], much
larger than the value of the critical exponent in the 3D
Ising model [66] (without random external fields). It is
also known that the 3D Ising model is expected to be
in the same universality class as the second order QCD
phase transition [68, 69]. Therefore, we observe that the
measured values of the Lévy exponent in 0%–30% cen-
trality Au+Au collisions at

p
sNN = 200 GeV do not cor-

respond to the conjectured value ( 0.5) of the exponent
of the two-particle correlation function at the QCD criti-
cal point [75]. The appearance of the critical point is not
expected near

p
sNN = 200 GeV, thus we emphasize the

need for similar measurements at lower collision energies.
Hydrodynamic calculations typically predict Gaussian

shapes (i.e. ↵ = 2) for the Bose-Einstein correlation
functions [15, 76–80]. We may also note that in certain
cases the freeze-out criteria may alter this behavior, in-
terference terms between two di↵erent extrema in the
source may lead to small deviations from Gaussian Bose-
Einstein correlations [27, 81]. The measured correlation
functions discussed in the present paper show large devi-
ations from the Gaussian assumption. Our observations
show that the source of charged pions in the investigated
momentum range is a Lévy distribution with an average
index of stability of ↵ ⇡ 1.2, see Fig. 6.
Various scenarios may lead to such a source with a

long power-law like tail, e.g. rescattering in an expanding
medium with time-dependent mean free path, which is

PHENIX, PRC97, 064911(2018)

- α~1.2。ソース分布がNon-Gaussianであることを示す。

Levy index αは、non-Gaussian度を表し、 
CP近傍で大きく変化すると予測されている 
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function with the moments as free parameters of the fit. The
statistical errors on the moments reflect the statistical error on
the 3D correlation function. To estimate the effect of system-
atic errors, the 3D correlation function and associated moments
were obtained under varying conditions including nominal vs
reverse magnetic field, year 2004 vs year 2007 data, positively
vs negatively charged kaon pairs, and varying kaon sample
purities. Although the variations did not introduce any observ-
able systematic deviation in the correlation moments, they have
some effect on the parameters of the 3D Gaussian fit of Eq. (4).

Figure 1 shows the independent correlation moments
Rl

α1,...,αl
up to order l = 4 (open circles) for midrapidity

(|y| < 0.5), low-kT (0.2 < kT < 0.36 GeV/c) kaon pairs
produced in the 20% most central Au + Au collisions at√

sNN = 200 GeV; kT is half the transverse momentum of
the pair. In panel (a), R0(q) is shown along with the 1D
correlation function R(q) = C(q) − 1 (solid circles); both
represent angle-averaged correlation functions, but R0(q)
is obtained from the 3D correlation function via Eq. (2),
while R(q) is evaluated directly from the 1D correlation
function. The data points have been corrected for the effect
of track momentum resolution. The agreement between R0(q)
and R(q) attests to the reliability of the moment extraction
technique. Figures 1(b)–1(f) show that while second moments
are already relatively small compared to their errors, fourth
moments are insignificant without any visible trend. This
further justifies truncating Eq. (1) at l = 4.
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FIG. 1. (Color online) Independent correlation moments Rl(q)
for orders l = 0, 2, 4 for midrapidity, low-transverse-momentum
kaon pairs from the 20% most central Au + Au collisions at

√
sNN =

200 GeV. Panel (a) also shows a comparison between R0(q) and R(q).
The error bars are statistical. The solid curves represent results of the
Gaussian fit.

B. The 3D source function

The probability of emitting a pair of particles with a pair
separation vector r in the PCMS is given by the 3D source
function S(r). It is related to the 3D correlation function C(q)
via a convolution integral [6,12] as

C(q) − 1 ≡ R(q) =
∫

[|φ(q, r)|2 − 1]S(r)dr, (3)

where the relative wave function φ(q, r) serves as a six-
dimensional kernel, which in our case incorporates Coulomb
interactions and Bose-Einstein symmetrization only [8].
Strong final-state interactions are assumed to be negligible
owing to the small s-wave scattering length (∼0.1 fm) of two
identical kaons [13]. Hence, no correction to the measured cor-
relation function for Coulomb and other final-state interaction
effects is required. Analogously to Eq. (1), the source function
can be expanded in Cartesian harmonics basis elements
as S(r) =

∑
l,α1,...,αl

Sl
α1,...,αl

(r)Al
α1,...,αl

(#r). Equation (3) can
then be rewritten in terms of the independent moments [7,8].

The 3D source function can be extracted by directly fitting
the 3D correlation function with a trial functional form for S(r).
Because the 3D correlation function has been decomposed into
its independent moments, this corresponds to a simultaneous
fit of the six independent moments with the trial functional
form. A four-parameter fit to the independent moments with a
3D Gaussian trial function,

SG(rx, ry, rz) = λ

(2
√

π )3
RxRyRz

× exp

[

−
(

r2
x

4R2
x

+
r2
y

4R2
y

+
r2
z

4R2
z

)]

, (4)

yields a χ2/ndf = 1.7. The correlation strength parameter λ
represents the integral short-distance contribution to the source
function [14]. Figure 1 shows the fit as solid curves, making
it evident that the quality of the fit is predominantly driven by
the relatively small errors of R0(q). The values of the Gaussian
radii and the amplitude (Rx,Ry, Rz, λ) are listed in Table I.

Figures 2(a)–2(c) illustrate the kaon correlation function
profiles (circles) in the x, y, and z directions [C(qx) ≡
C(qx, 0, 0), C(qy) ≡ C(0, qy, 0) and C(qz) ≡ C(0, 0, qz)], re-
spectively, obtained by summation of the relevant correlation
terms Cl

α1,...,αl
(q) = δl,0 + Rl

α1,...,αl
(q)Al

α1,...,αl
(#q) up to order

l = 4. The peak at q ≈ 20 MeV/c is coming from an expected
interplay of Coulomb repulsion at q → 0 and Bose-Einstein
enhancement. The correlation profiles from the data are well
represented by the corresponding correlation profiles from the
Gaussian fit (line). Hence, the trial Gaussian shape for the kaon
source function seems to capture the essential components of
the actual source function.

Figures 3(a)–3(c) depict the extracted source function
profiles in the x, y, and z directions [S(rx) ≡ S(rx, 0, 0),
S(ry) ≡ S(0, ry, 0), and S(rz) ≡ S(0, 0, rz)] obtained via the
3D Gaussian fit (dots) to the correlation moments. The two
solid curves around the Gaussian source function profiles
represent the error band arising from the statistical and
systematic errors on the 3D Gaussian fit parameters, as well
as the uncertainty from the source shape assumption estimated
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相関関数を球面調和関数展開し、逆変換して 
ソース関数S(r)を”イメージング”する解析手法。
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the longitudinal direction the lowest mT value exceeds the expectations from a pure hydrodynamical model
prediction.
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I. INTRODUCTION

Analysis of the data collected at the Relativistic Heavy Ion
Collider (RHIC) has resulted in the discovery of strongly in-
teracting, almost perfect fluid created in high-energy nucleus-
nucleus collisions [1–4]. Lattice calculations predict that the
transition between normal nuclear matter and this new phase is
a smooth crossover [5]. This is consistent with the absence of
long source lifetimes, which would indicate a first-order phase
transition [6]. Moreover, analysis of three-dimensional (3D)
two-pion correlation functions, exploiting the novel technique
of Cartesian surface-spherical harmonic decomposition of
Danielewicz and Pratt [7,8], revealed significant non-Gaussian
features in the pion source function [9]. Furthermore, the ex-
traction of the shape of the pion source function in conjunction
with model comparisons has permitted the decoupling of the
spatiotemporal observable into its spatial and temporal aspects
and the latter into source lifetime and emission duration.
However, an interpretation of pion correlations in terms of
pure hydrodynamic evolution is complicated by the significant
contributions of resonance decays. A purer probe of the
fireball decay could be obtained with kaons which suffer
less contribution from long lifetime resonances and have a
smaller rescattering cross section than pions. The lower yields,
however, make it difficult to carry out a detailed 3D source
shape analysis of kaons. A 1D kaon source image measurement
was recently reported by the PHENIX Collaboration [10].
This measurement, however, corresponds to a fairly broad
range of the pair transverse momentum 2kT, which makes
the interpretation more ambiguous. In particular, information
about the transverse expansion of the system, contained in the
kT dependence of the emission radii, is lost. The 1D nature of
the measurement has also less constraining power on model
predictions than would be available from a 3D measurement.

This paper presents a full 3D analysis of the correlation
function of midrapidity, low-transverse-momentum, like-sign
kaon pairs. The technique used in this paper is similar to
that employed in the first 3D extraction of the pion source
function [9]. It involves the decomposition of the 3D kaon
correlation function into a basis of Cartesian surface-spherical
harmonics to yield coefficients, also called moments, of the
decomposition which are then fitted with a trial functional
form for the 3D source function. The latter is then compared
to models to infer the dynamics behind the fireball expansion.

II. EXPERIMENT AND DATASETS

The presented data from Au + Au collisions at
√

sNN =
200 GeV were taken by the STAR Collaboration during the
year 2004 and 2007 runs. A total of 4.6 × 106 0%–20% central
events were used from year 2004, and 16 × 106 0%–20%
central events from year 2007. We also analyzed 6.6 ×
106 0%–30% central events from the year 2004 run to compare
to the previously published PHENIX kaon measurements [10].

Charged tracks are detected in the STAR Time Projection
Chamber (TPC) [11], surrounded by a solenoidal magnet
providing a nearly uniform magnetic field of 0.5 T along the
beam direction. The TPC is used both for the tracking of
charged particles at midrapidity and particle identification by
means of ionization energy loss. The z position of the event
vertex is constrained to be |z| < 30 cm.

III. SOURCE SHAPE ANALYSIS

A. Correlation moments

The 3D correlation function C(q) = Nsame(q)/Nmixed(q)
is constructed as the ratio of the 3D relative momentum
distribution, Nsame(q), for K+K+ and K−K− pairs in the
same event to that from mixed events, Nmixed(q). Here, q =
(p1 − p2)/2, where p1 and p2 are the momentum 3-vectors
of the particles in the pair center-of-mass system (PCMS).
The noncommutativity of the Lorentz transformations along
noncollinear directions demands that the Lorentz transfor-
mation from the laboratory frame to the PCMS is made by
first transforming to the pair longitudinally comoving system
(LCMS) along the beam direction and then to the PCMS along
the pair transverse momentum. C(q) is flat and normalized to
unity over 60 < |q| < 100 MeV/c.

To obtain the moments, the 3D correlation function C(q),
is expanded in a Cartesian harmonic basis [7,8],

C(q) − 1 ≡ R(q) =
∑

l,α1,...,αl

Rl
α1,...,αl

(q) Al
α1,...,αl

("q), (1)

where l = 0, 1, 2, . . ., αi = x, y, or z, and Al
α1,...,αl

("q) are
Cartesian harmonic basis elements ("q is the solid angle in q
space). Rl

α1,...,αl
(q), where q is the modulus of q, are Cartesian

correlation moments,

Rl
α1,...,αl

(q) = (2l + 1)!!
l!

∫
d"q

4π
Al

α1,...,αl
("q) R(q). (2)

The coordinate axes x-y-z form a right-handed out-side-long
Cartesian coordinate system. They are oriented so that the
z axis is parallel to the beam direction and x points in the
direction of the pair total transverse momentum.

Correlation moments can be calculated from the measured
3D correlation function using Eq. (2). Even moments with
l > 4 were found to be consistent with zero within statistical
uncertainty. As expected from symmetry considerations, the
same was also found for odd moments. Therefore, in this
analysis, the sum in Eq. (1) is truncated at l = 4 and expressed
in terms of independent moments only. Up to order 4, there
are six independent moments: R0, R2

xx , R2
yy , R4

xxxx , R4
yyyy , and

R4
xxyy . Dependent moments are obtained from independent

ones [7,8].
These independent moments were extracted as a function of

q, by fitting the truncated series to the measured 3D correlation
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function with the moments as free parameters of the fit. The
statistical errors on the moments reflect the statistical error on
the 3D correlation function. To estimate the effect of system-
atic errors, the 3D correlation function and associated moments
were obtained under varying conditions including nominal vs
reverse magnetic field, year 2004 vs year 2007 data, positively
vs negatively charged kaon pairs, and varying kaon sample
purities. Although the variations did not introduce any observ-
able systematic deviation in the correlation moments, they have
some effect on the parameters of the 3D Gaussian fit of Eq. (4).

Figure 1 shows the independent correlation moments
Rl

α1,...,αl
up to order l = 4 (open circles) for midrapidity

(|y| < 0.5), low-kT (0.2 < kT < 0.36 GeV/c) kaon pairs
produced in the 20% most central Au + Au collisions at√

sNN = 200 GeV; kT is half the transverse momentum of
the pair. In panel (a), R0(q) is shown along with the 1D
correlation function R(q) = C(q) − 1 (solid circles); both
represent angle-averaged correlation functions, but R0(q)
is obtained from the 3D correlation function via Eq. (2),
while R(q) is evaluated directly from the 1D correlation
function. The data points have been corrected for the effect
of track momentum resolution. The agreement between R0(q)
and R(q) attests to the reliability of the moment extraction
technique. Figures 1(b)–1(f) show that while second moments
are already relatively small compared to their errors, fourth
moments are insignificant without any visible trend. This
further justifies truncating Eq. (1) at l = 4.

q (MeV/c)
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FIG. 1. (Color online) Independent correlation moments Rl(q)
for orders l = 0, 2, 4 for midrapidity, low-transverse-momentum
kaon pairs from the 20% most central Au + Au collisions at

√
sNN =

200 GeV. Panel (a) also shows a comparison between R0(q) and R(q).
The error bars are statistical. The solid curves represent results of the
Gaussian fit.

B. The 3D source function

The probability of emitting a pair of particles with a pair
separation vector r in the PCMS is given by the 3D source
function S(r). It is related to the 3D correlation function C(q)
via a convolution integral [6,12] as

C(q) − 1 ≡ R(q) =
∫

[|φ(q, r)|2 − 1]S(r)dr, (3)

where the relative wave function φ(q, r) serves as a six-
dimensional kernel, which in our case incorporates Coulomb
interactions and Bose-Einstein symmetrization only [8].
Strong final-state interactions are assumed to be negligible
owing to the small s-wave scattering length (∼0.1 fm) of two
identical kaons [13]. Hence, no correction to the measured cor-
relation function for Coulomb and other final-state interaction
effects is required. Analogously to Eq. (1), the source function
can be expanded in Cartesian harmonics basis elements
as S(r) =

∑
l,α1,...,αl

Sl
α1,...,αl

(r)Al
α1,...,αl

(#r). Equation (3) can
then be rewritten in terms of the independent moments [7,8].

The 3D source function can be extracted by directly fitting
the 3D correlation function with a trial functional form for S(r).
Because the 3D correlation function has been decomposed into
its independent moments, this corresponds to a simultaneous
fit of the six independent moments with the trial functional
form. A four-parameter fit to the independent moments with a
3D Gaussian trial function,

SG(rx, ry, rz) = λ

(2
√

π )3
RxRyRz

× exp

[

−
(

r2
x

4R2
x

+
r2
y

4R2
y

+
r2
z

4R2
z

)]

, (4)

yields a χ2/ndf = 1.7. The correlation strength parameter λ
represents the integral short-distance contribution to the source
function [14]. Figure 1 shows the fit as solid curves, making
it evident that the quality of the fit is predominantly driven by
the relatively small errors of R0(q). The values of the Gaussian
radii and the amplitude (Rx,Ry, Rz, λ) are listed in Table I.

Figures 2(a)–2(c) illustrate the kaon correlation function
profiles (circles) in the x, y, and z directions [C(qx) ≡
C(qx, 0, 0), C(qy) ≡ C(0, qy, 0) and C(qz) ≡ C(0, 0, qz)], re-
spectively, obtained by summation of the relevant correlation
terms Cl

α1,...,αl
(q) = δl,0 + Rl

α1,...,αl
(q)Al

α1,...,αl
(#q) up to order

l = 4. The peak at q ≈ 20 MeV/c is coming from an expected
interplay of Coulomb repulsion at q → 0 and Bose-Einstein
enhancement. The correlation profiles from the data are well
represented by the corresponding correlation profiles from the
Gaussian fit (line). Hence, the trial Gaussian shape for the kaon
source function seems to capture the essential components of
the actual source function.

Figures 3(a)–3(c) depict the extracted source function
profiles in the x, y, and z directions [S(rx) ≡ S(rx, 0, 0),
S(ry) ≡ S(0, ry, 0), and S(rz) ≡ S(0, 0, rz)] obtained via the
3D Gaussian fit (dots) to the correlation moments. The two
solid curves around the Gaussian source function profiles
represent the error band arising from the statistical and
systematic errors on the 3D Gaussian fit parameters, as well
as the uncertainty from the source shape assumption estimated
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TABLE I. Parameters obtained from the 3D Gaussian source function fits for the different datasets. The first errors are statistical, the second
errors are systematic.

Year 2004 + 2007 2004
Centrality 0%–20% 0%–30%

kT (GeV/c) 0.2–0.36 0.2–0.36 0.36–0.48

Rx (fm) 4.8 ± 0.1 ± 0.2 4.3 ± 0.1 ± 0.4 4.5 ± 0.2 ± 0.3
Ry (fm) 4.3 ± 0.1 ± 0.1 4.0 ± 0.1 ± 0.3 3.7 ± 0.1 ± 0.1
Rz (fm) 4.7 ± 0.1 ± 0.2 4.3 ± 0.2 ± 0.4 3.6 ± 0.2 ± 0.3
λ 0.49 ± 0.02 ± 0.05 0.39 ± 0.01 ± 0.09 0.27 ± 0.01 ± 0.04
χ 2/ndf 497/289 316/283 367/283

using a double-Gaussian fit. Note that the latter becomes
important for large r values only.

C. Expansion dynamics and model comparison

The source function profile S(ry) in the side direction
reflects the mean transverse geometric size of the emission
source, while the source lifetime determines the extent of the
source function profile S(rz) in the long direction. Being in
the direction of the total pair transverse momentum (hence
the direction of Lorentz boost from the LCMS to PCMS
frame), the source function profile in the out direction S(rx) is
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FIG. 2. (Color online) Kaon correlation function profiles (circles)
for midrapidity, low-transverse-momentum kaon pairs from the 20%
most central Au + Au collisions at

√
sNN = 200 GeV (a) C(qx) ≡

C(qx, 0, 0), (b) C(qy) ≡ C(0, qy, 0), and (c) C(qz) ≡ C(0, 0, qz) in
the x, y, and z directions. The curves denote the Gaussian fit profiles.

characterized by the kinematic Lorentz boost, mean transverse
geometric size, as well as source lifetime and particle emission
duration. To disentangle these various contributions, the Monte
Carlo event generator Therminator [15] is used to simulate the
source breakup and emission dynamics.

The basic ingredients of the Therminator model employed
in the analysis are (1) Bjorken assumption of longitudinal
boost invariance; (2) blast-wave (BW) expansion in the
transverse direction with transverse velocity profile semilinear
in transverse radius ρ [16], vr (ρ) = (ρ/ρmax)/(ρ/ρmax + vt ),
where vt = 0.445 is obtained from BW fits to particle spectra
[17]; (3) after a proper lifetime τ , a thermal emission of
particles takes place from the source elements distributed in
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FIG. 3. (Color online) Kaon source function profiles extracted
from the data (solid circles with error band) and 3D pion source func-
tion (squares) from PHENIX [9] together with Therminator model
calculation for kaons with indicated parameter values (triangles).
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in the respective correlation profiles [Figs. 2(d)–2(f)] ob-
tained by summation of the data (circle), fit (line), and
image (square) moments up to order l ! 6 (Coulomb
effects are not removed). The broader S"rx# is associated
with the narrower C"qx# [Figs. 2(a) and 2(d)], as expected.

The extended tail lies along the pair total transverse
momentum. Thus, the relative emission times between
pions, as well as the source geometry, will contribute to
S"rx#. The source lifetime contributes to the range of S"rz#,
and S"ry# reflects its mean transverse geometric size. The
difference between S"rx# and S"ry# is thus driven by the
combination of the emission time difference, freeze-out
dynamics, and kinematic Lorentz boost.

The event generator THERMINATOR [12,13] can shed
more light on the source breakup and emission dynamics.
It gives thermal emission from a longitudinally oriented
cylinder of radius !max, includes all known resonance
decays, and assumes Bjorken longitudinal boost invari-
ance. The option for blast-wave transverse expansion was
employed with radial velocity vr semilinear in ! [14], i.e.,
vr"!# ! "!=!max#="!=!max $ vt#, where vt ! 1:41. A
differential fluid element is a ring defined by cylindrical
coordinates z and !; it breaks up at proper time " in its rest
frame or at time t in the lab frame, where t2 ! "2 $ z2. The
freeze-out hypersurface is given by " ! "0 $ a!, where "0
is the proper breakup time for ! ! 0 and a represents the
slope of the freeze-out hypersurface in !-" space (it sets
the space-time correlation for particle emission: a > 0
implies earlier emission of particles at small !’s, i.e.,

inside-out ‘‘burning’’ while a < 0 implies the reverse,
i.e., outside-in ‘‘burning’’). In blast-wave mode,
THERMINATOR sets a ! %0:5 for source emission from
outside in as in many hydrodynamical models.

Using a set of parameters tuned to fit charged pion and
kaon spectra [15], midrapidity pion pairs from
THERMINATOR were obtained with the effects of all known
resonance decay processes on and off. These pairs were
then transformed to the PCMS, as in the data analysis, to
obtain S"ri# distributions for comparison with the data.

Figure 3 shows that the 3D source function generated by
THERMINATOR calculations (solid triangles) with "0 !
8:55 fm=c, !max ! 8:92 fm, and other previously tuned
parameters [15], underestimates S"rx#, S"ry#, and S"rz#.
Open triangles (Fig. 3) show that resonance decays repro-
duce S"ry# [3(b)] and extend the calculated source function
in x [3(a)] as expected, but not enough to account for the
long tails in x and z (these are longer than THERMINATOR
source profiles with resonance decays alone). This suggests
that they have substantial contribution from pion pairs with
significantly longer emission time differences. Attempts to
fit the distributions by only increasing "0 or with a & 0
failed. The requirement of a < 0 in order to reproduce the
extracted source function suggests a fireball burning from
outside in.

The generated distribution of time differences can also
be lengthened by sampling pions from a family of hyper-
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observed. We noted already that the non-Gaussian fit pro-
duces larger values of !, so RG

side could be affected.
Nevertheless we observe very good agreement (within
statistical errors for multiplicities above 16) between the
RG
side values from both fits, giving us additional confidence

that the underlying assumptions in our fit are valid.
Similar conclusions can be drawn from the ratio of the

RE
out=R

G
side for the more advanced functional form, shown in

panel (d) of Fig. 16. Again, the picture seen for the
Gaussian radii is confirmed; the higher the multiplicity of
the collision and the collision energy, the lower the value of
the ratio.

V. FITTINGONE-DIMENSIONAL CORRELATIONS

For completeness, we also repeated the one-dimensional
study in Pair Rest Frame, using all the methods and fitting
functions described in the previous work of ALICE [14].
The one-dimensional correlation functions are fit with the
standard Gaussian form, modified with the approximate
Bowler-Sinyukov formula to account for the Coulomb
interaction between charged pions:

CðqinvÞ¼ ½ð1%!Þþ!KðqinvÞð1þexpð%R2
invq

2
invÞÞ'BðqinvÞ;

(11)

whereK is the Coulomb function averaged over a spherical
source of the size 1.0 fm, Rinv is the femtoscopic radius,
and B is the function describing the nonfemtoscopic back-
ground. In Fig. 17 we plot the Gaussian one-dimensional
invariant radius as a function of multiplicity and kT. The
closed and open stars are the results from our earlier work,
which are consistent with the more precise results from this
analysis. The systematic error is on the order of 10% and is

now dominating the precision of the measurement. Atffiffiffi
s

p ¼ 0:9 TeV we see that, for the lowest multiplicity,
the radius is not falling with kT, while it develops a slope
as one goes to higher multiplicity. The one-dimensional
analysis is consistent with the three-dimensional measure-
ment—one needs to take into account that when going
from the LCMS (three-dimensional measurement) to the
PRF (one-dimensional measurement) it is necessary to
boost the out radius by pair velocity, which is defined by
kT. Then, one averages the radii in three directions to
obtain the one-dimensional Rinv.
In Fig. 18 we show the same analysis performed for theffiffiffi
s

p ¼ 7 TeV data. The radii are again comparable at the
same multiplicity/kT range. In addition, as one goes to
higher multiplicities, the kT dependence of Rinv is getting
more pronounced. The results are again consistent with the
three-dimensional analysis.

VI. SUMMARY

In summary, ALICE measured two-pion correlation
functions in pp collisions at

ffiffiffi
s

p ¼ 0:9 TeV and at
ffiffiffi
s

p ¼
7 TeV at the LHC. The analysis was performed in multi-
plicity and pair transverse momentum ranges. When
viewed in the same multiplicity and pair momentum range,
correlation functions at the two collision energies are
similar.
The correlations are analyzed quantitatively by extract-

ing the emission source sizes in three dimensions: outward,
sideward, and longitudinal. The longitudinal size shows
expected behavior. It decreases with pair momentum and
increases with event multiplicity, consistent with all pre-
vious measurements in elementary and heavy-ion colli-
sions. The transverse sizes show more complicated
behavior. The sideward radius grows with multiplicity
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p ¼ 0:9 TeV data. The
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clarity. The systematic error, typically on the order of 10% is not
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collisions might not exclude this scenario. The observed
non-Gaussian shape of the correlation is also similar in the
pp and p-Pb collision systems.
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どの衝突系＆√sNNも(dN/dη)1/3にスケールする。 
ppはやや傾きが異なる 
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Fig. 4: One-dimensional charged kaon radii versus mT extracted by fitting correlation functions shown in Fig. 2
to Eq. (1) and the baseline to Eq. (2). For comparison the ππ[9] and K0sK0s [10] radii measured by ALICE in 7 TeV
pp collisions are also shown. Statistical (darker lines) and total errors are shown. The points corresponding to the
second and third multiplicity bins are offset by 0.03 GeV/c2 for clarity.

The mT dependence of the radii in heavy-ion collisions was interpreted as the manifestation of the strong
collective hydrodynamic expansion of the created matter [6]. The observed similar behavior in pp col-
lisions, shown in Fig.4, has some specific features: 1) at low multiplicity the radii increase with kT, 2)
there is no distinct mT scaling: the kaon radii seem to be larger than the pion ones. The model calcula-
tions performed in [11] can successfully describe the different behavior of pion correlation radii in low
and high multiplicity bins, suggesting that the contribution of the hydrodynamic phase is negligible in
low-multiplicity events, while for events with high multiplicity, it is substantial.

As shown in [23], due to the small size of the created system in pp collisions, the flow of resonances
may play a significant role in large multiplicity bins, where essential hydrodynamic collective flow is
expected [11]. According to simple chemical model calculations [10], the influence of this flow should
be relatively smaller for kaons than for pions, leading to the effect that the kaon radii can be larger than
the pion ones. The measured KchKch correlation radii displayed in Fig.4 support such an hypothesis,
however a detailed theoretical study is needed.

5 Summary.

The ALICE Collaboration has measured charged kaon correlation functions in pp collisions at
√
s =

7 TeV at the LHC. In agreement with the previous measurements in pp and heavy-ion collisions at lower
energies, the extracted correlation radii Rinv increase with the event multiplicity and decrease with the
pair transverse mass/momentum. The novel features are some hints to the increase of the radii withmT in
the low-multiplicity bin and to the fact that kaon radii are larger than the pion ones. These peculiarities
deserve further experimental and theoretical studies.
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for low values of k∗ indicating an overall repulsive interac-
tion. The specific shape of the K–p correlation is the result
of the interplay between the repulsive Coulomb and strong
interactions.

In Fig. 5, the results of the Gaussian core radius rcore for
π–π and K–p pairs in HM pp collisions at

√
s = 13 TeV

are shown as a function of mT together with the radii
obtained from p–p correlations [6]. The agreement of the
meson−meson and meson−baryon rcore with the mT scaling
(green band) of the p–p correlations is remarkable and pro-
vides additional support for the scenario of a common emit-
ting source for all hadrons in small systems. Furthermore, the
results presented in Fig. 6 for the three multiplicity intervals
considered for MB pp collisions at

√
s = 13 TeV exhibit

the intuitive behavior of growing rcore with increasing multi-
plicity and also show the scaling of rcore with increasing mT.
The degree of consistency between the data and the model is
estimated by using the χ2 = ∑

i (x
i
Data − xiTheory)

2/(σ i
Data)

2

normalized to the number of degrees of freedom (NDF), com-
monly called the reduced χ2. The bottom panels in Fig. 6
show the reduced χ2 for 6 < k∗ < 100 MeV/c, indicating
that the assumption of a polynomial of second degree always
performs as good or better than the first degree choice. In all
the multiplicity intervals, for mT below 0.6 GeV/c2, which
is probed with the π–π correlations, the rcore reaches a “sat-
uration” regime and becomes independent of mT. For K–
p pairs no breaking of the mT scaling is observed, however,
it should be noted that the lowest mT range accessed for K–
p correlations in this analysis is 1.2–1.4 GeV/c2 while the
theoretical lower limit is at 0.7 GeV/c2, leaving some narrow
phase-space for a possible violation of themT scaling. A sim-
ilar change in trend was already observed by CMS [33] and
ALICE [27] in pp collisions at

√
s = 13 TeV and 900 GeV. A

possible explanation for the observed trend could be related
to the fact that for low-mT pairs in pp collisions, the region
of homogeneity (rcore) spans the entire physical extension of
the hadronization hypersurface which, hence, represents the
observed upper boundary of rcore. Any more detailed expla-
nation will most likely require a consistent hydrodynamical
treatment of small systems and a careful study of the proper-
ties of the resulting hadronization hypersurface and, hence, is
outside the scope of this paper. However, these data provide
valuable input for transport models which should describe
the spatial extension of the particle emitting source in small
systems and may inspire new theoretical works towards the
description of the observed rcore scaling with mT for all the
measured particle pairs.

6 Summary

In this work, the spatial extension of the particle source func-
tion is studied using correlations of the relative momentum

Fig. 5 Extracted radii from the fit as a function of mT for the
HM analysis of meson−meson, meson−baryon (this work), and
baryon−baryon [6] correlations. The green band corresponds to the
parametrization of the mT scaling of the p–p correlations and is shown
with the associated 3σ spread

of particles, referred to as femtoscopy. The source function is
described by a Gaussian core and an exponential resonance
halo [6]. The resonance abundances are fixed from estima-
tions obtained within the canonical statistical hadronization
model and the specific decay kinematics from the EPOS [9]
event generator. This prescription allows for the first time
a quantitative description of the exponential type source for
π–π correlation functions in intervals of mT. The correlation
functions are studied for high multiplicity pp collisions and
in multiplicity intervals for minimum bias collisions. The
model is able to capture the widths of the studied correlation
functions, however, cannot provide a full description of the
correlation strength observed in the data for all studied mul-
tiplicity intervals, mT ranges, and particle pairings. Further
refinements of the employed model include an extension to a
3D analysis and the application of recently developed parti-
cle emission models such as CECA [15], which for now was
only tested for baryon−baryon correlations. Finally, by also
analyzing the K–p correlation functions in intervals of mT
within the same framework, the Gaussian core radii rcore are
obtained and their dependence on mT is studied. A mT scal-
ing for rcore consistent with the one reported in [6], obtained
from the analysis of baryon−baryon correlations, is found
for mT > 0.6 GeV/c2 and, hence, points to a common emit-
ting source for all hadrons in small systems at the LHC. For
mT < 0.6 GeV/c2, which is accessible by the π–π correlation
functions a saturation of rcore is observed leading to a break-
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pp衝突でもmTスケーリングは、あくまでラフなスケーリング（に見える）。 
pionとprotonは合っていそう。
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Fig. 4. The source functions for p–p (blue circles) and p–! (red open circles), gener-
ated by folding the exponential expansion due to the decay of the respective parent 
resonances with a common Gaussian core with rcore = 1.2 fm (dashed black line). 
Additionally shown are fits with Gaussian distributions (dotted lines) to extract the 
effective Gaussian source sizes.

The masses and lifetimes of the resonances are fixed to the 
average values reported above. The remaining unknown parame-
ters, the momenta of the resonances and their relative orientation 
with respect to r⃗∗

core, are related to the kinematics of the emission. 
In this work, the EPOS transport model [80] is used to quan-
tify these parameters, by generating high-multiplicity pp events 
at 

√
s = 13 TeV and selecting the produced primordial protons, 

! baryons and resonances that feed into these particles. Since the 
yields of the heavier resonances are over-predicted by EPOS, they 
are weighted such that their average mass Mres reproduces the 
expectation from the SHM. The source function S(r∗) is built by 
selecting a random r∗

core and a random emission scenario based 
on the weights P1,2, which are known from the SHM. A random 
EPOS event with the same emission scenario is used to determine 
p⃗∗

res,1(2) and their relative direction to r⃗∗
core. To obtain r∗ the res-

onances are propagated, using Eq. (5) and (6), and the k∗ of their 
daughters is evaluated. Only events with small k∗ are relevant for 
femtoscopy, thus, if the resulting k∗ > 200 MeV/c, a new EPOS 
event is picked. The above procedure is repeated until the resulting 
S(r∗) achieves the desired statistical significance.

With this method, the modification of the source size due to 
the decay of resonances is fixed based on the SHM and EPOS, 
while the only free fit parameter is the size rcore of the primor-
dial (core) source. This procedure is used to refit the p–p and 
p–! correlation functions. The uncertainties are evaluated in the 
same way as in the case of the pure Gaussian source. Additional 
uncertainties due to short-lived resonances decaying into protons 
(! baryons) are accounted for by repeating the fit and altering the 
mass by 0.2% (0.6%) and the lifetimes by 2% (13%) [56]. When com-
paring the individual fits of the correlation functions in one mT
interval with the ones assuming a pure Gaussian source the result-
ing χ2 is found to be similar. This implies that each system can 
still be described by an effective Gaussian source, albeit loosing 
the direct physical interpretation of the source size. This property 
becomes evident from Fig. 4, in which the different source func-
tions, used to describe the mT bin plotted in Fig. 1, are shown. 
As expected, after the inclusion of the resonances, the same core 
function results in different effective sources for p–p and p–!. The 
Gaussian parametrization yields an almost equivalent description 
of the source function up to about r∗ ∼ 6 fm, while for larger 
values the new parametrization with inclusion of the resonances 
shows an exponential tail. Since most of the particles are emit-
ted at lower r∗ values, the corresponding correlation functions are 
similar. However, one major difference with the new approach is 
the resulting source size, as the Gaussian core is more compact 
than the effective sources. The resulting mT dependence of rcore
measured with p–p and p–! pairs is shown in Fig. 5. The relative 

Fig. 5. Source radius rcore as a function of ⟨mT⟩ for the assumption of a Gaussian 
source with added resonances. The blue crosses result from fitting the p–p correla-
tion function with the strong Argonne v18 [70] potential. The green squared crosses 
(red diagonal crosses) result from fitting the p–! correlation functions with the 
strong χEFT LO [71] (NLO [74]) potential. Statistical (lines) and systematic (boxes) 
uncertainties are shown separately.

systematic uncertainty is at most 2.6% for the core radii extracted 
from p–p correlations and 8.4% and 6.2% for those extracted from 
p–! correlations using the NLO and LO calculations, respectively. 
In contrast to a Gaussian source, the new parametrization of the 
source function provides a common mT scaling of rcore for both 
p–p and p–!. This result is compatible with the picture of a com-
mon emission source for all baryons and their parent resonances.

5. Summary

The results for p–p and p–! correlations in high-multiplicity 
pp collisions at 

√
s = 13 TeV demonstrate a clear difference in the 

effective proton and ! source sizes if a simple Gaussian source 
is assumed. A new procedure was developed to quantify for the 
first time the modification of the source function due to the ef-
fect of short-lived resonances. The required input is provided by 
the statistical hadronization model and the EPOS transport model. 
The ansatz is that the source function is determined by the con-
volution of a universal Gaussian core source of size rcore and a 
non-Gaussian halo. The former represents a universal emission re-
gion for all primordial particles and resonances, while the latter is 
formed by the decay points of the short-lived resonances. This pic-
ture is confirmed by the observation of a common mT scaling of 
rcore for the p–p and p–! pairs in high-multiplicity pp collisions, 
with rcore ∈ [0.85, 1.3] fm for mT ∈ [1.1, 2.2] GeV/c2. Compared to 
the values obtained when an effective Gaussian parametrization is 
used, the overall values are significantly decreased by up to 20%.

The measurement of the core size of a common particle-
emitting source, corrected for the effect of strong resonances, will 
allow for direct comparisons with theoretical models. Addition-
ally, detailed studies of the mT dependence of the core radius will 
enable complementary investigations of collective phenomena in 
small collision systems.

On the other hand, the assumption of a common core source, 
modified by the resonances feeding to the particle pair of inter-
est, allows for a quantitative determination of the effective source 
for any kind of particle pair. First of all, it enables high-precision 
studies of the interaction potentials of more exotic baryon–baryon 
pairs [41,42,44] that rely on two-particle correlation measurements 
in momentum space and use the p–p correlation as a reference 
to fix the emission source. It is also relevant for coalescence ap-
proaches addressing the production of (anti) (hyper) nuclear clus-
ters. A crucial next step is to investigate the applicability of the 

6
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Abstract 

A method allowing to directly measure delays in the emission of particles of different types at time scales as short as 
lo-*‘-IO-** s is suggested. 

Since the pioneering papers of Kopylov and Pod- 
goretsky (see the review [ 1 ] ) it is well-known that 
a study of the directional dependence of the correla- 
tions of two identical particles at small relative veloc- 
ities can be used to extract information on the emis- 
sion times and the form of the emission region. The 
distribution of the relative space-time coordinates of 
the emission points of two identical particles is always 
symmetric. In contrast, this may not be the case for 
nonidentical particles. We show here that, due to the 
effect of final state interactions (FSI), the correlations 
of two nonidentical particles are sensitive not only to 
the anisotropy of the distribution of the relative space- 
time coordinates of the emission points, but also to 
its asymmetry. We show how to use this effect to di- 
rectly measure the delays in the emission of particles 
of different types. 

We start with the usual assumption of a sufficiently 
small density of the produced multi-particle system 

’ Permanent address: Institute of Physics, Na Slovance 2, 18040 
Prague 8, Czech Republic. 

2 Permanent address: JINR Dubna, PO Box 79, Moscow, Russia. 

Elsevier Science B.V. 
PII SO370-2693(96)00124-4 

in momentum space, such that the correlation of two 
nonidentical particles with a small relative velocity 
is influenced by the effect of their mutual FSI only. 
We define the correlation function R(pi , ~2) of the 
two particles as the ratio of their differential produc- 
tion cross section to that which would be observed in 
the absence of the effects of FSI. Following Kopylov 
and Podgoretsky we introduce the normalized proba- 
bility Ws(xt, PI ; x2 ~2) for the emission of two non- 
interacting particles with total spin S and 4-momenta 
pt and p2 by one-particle sources. These are treated 
classically and thus are described by the parameters 
xi{ti, ri} representing the coordinates of the source 
centers at the times of their decay. Assuming the mo- 
mentum dependence of the emission probability to be: 
negligible when varying the 4-momenta pi and p2 by 
the amount characteristic for the correlation due to 
FSI, and taking into account that FSI leads to the sub- 
stitution of the plane wave eiplxlfiP2XZ by the nonsym- 
metrized Bethe-Salpeter amplitudes in the continuous 
spectrum of the two-particle states I,$,(;) (xl, x2), we 
get [21 
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Non-identical particle femtoscopy at STAR

Non-identical particle correlations

Space-time asymmetry

cos(�) > 0
Catching up

C+ function
Long time of

e�ective
interaction.

Strong
correlation.
cos(�) < 0
Run away
C≠ function

Short time of
e�ective

interaction.
Weak correlation.
R. Lednicky, et al., Phys. Rev. Lett. B373, 30-34 (1996)

“Catch up”: Longer interaction, stronger correlation

“Run away”: Shorter interaction,  weaker correlation
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C� : ~vpair · ~k⇤⇡ < 0
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C+ : ~vpair · ~k⇤⇡ > 0

pionがkaonを追いかける場合

pionがkaonに追いつかない（離れていく）場合

もし、pionとkaonが同じ場所 (時間)から放出されるなら、 
 C+/C-のdouble ratioは、1になる。粒子放出点の“space-time asymmetry”を探る手法。
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pionはkaonより中心から放出される、あるいはpionが時間的に後から放出される

pion-kaon pairs satisfying all cuts. It is estimated to
average 77% for unlike-sign pairs and 75% for like-sign
pairs. The lower limit for each is 54%. This number is the
product of the probability of identifying both pions and
kaons using the dE=dx information and the probability of
excluding pions and kaons that do not originate from
points close to the collision vertex. Excluded pions in-
clude decay products of strange hyperons and K0

s , and
pions produced in the detector material. The fraction of
secondary pions is estimated from the K0

s , !, and pion
yields in Refs. [11–13]. Detector simulations determine
the relative reconstruction efficiency of pions from these
different sources. Secondary kaons, being rare, are ne-
glected. Assuming that the nonprimary pion-kaon pairs
are uncorrelated, the measured correlation function (Cm)
is corrected as Cc!k"# $ %Cm!k"# & 1'=P!k"# ( 1. The
systematic error introduced by this correction is less
than 20%.

The effect of momentum resolution depends upon the
correlation function shape. Pion-kaon correlation func-
tions are calculated from the pion and kaon momentum
and space-time distributions, accounting for both the
Coulomb and strong interactions as in Ref. [14]. The
correlation function strength is calculated with the true
momentum, while the correlation function is binned as
a function of k" smeared by momentum resolution.
Momentum resolution is estimated at the track level by
detector simulations. The space-time distribution is
chosen so that the main features of the measured corre-
lation function are reproduced. The correction is obtained
by comparing correlation functions calculated with and
without momentum smearing. The correction enhances
C!k"# by 20% (1%) for k" < 5 MeV=c (5< k" <
10 MeV=c), first and second bins in Fig. 1, with a con-
servative systematic error of )100% on the correction of
these two bins.

The top panels of Fig. 1 show the correlation functions
for every combination of pion-kaon pairs. The agreement
between unlike-sign (!&-K( and !(-K&) and between
like-sign (!(-K( and !&-K&) correlation functions is
excellent. The middle and bottom panels show the ratios
C(=C& for all pion-kaon pair combinations. C(=C& with
respect to the sign of k"side and k"long is unity within
statistical errors in accordance with the requirement that
hr"sidei $ hr"longi $ 0. However, C(=C& with respect to the
sign of k"out is significantly larger than unity at small k"

when the interaction is attractive (!&-K( and !(-K&)
and significantly smaller than unity when the interaction
is repulsive (!(-K( and !&-K&). These results indicate
that pions and kaons are not emitted on average at the
same radius and/or time.

In order to understand the measured average space-
time shift between pion and kaon sources, we compare
the data with the RQMD (Relativistic quantum molecular
dynamic [15]) model and the blast wave parametrization
(BWP) described in Ref. [5]. BWP assumes that the

system has undergone longitudinal and transverse expan-
sions, and provides the particle space-time and momen-
tum distributions at kinetic freeze-out. The parameters,
system outermost radius R $ 13 fm, freeze-out proper
time " $ 93 m=c, emission duration "" $ 0 fm=c, tem-
perature T $ 110 MeV, and transverse flow rapidity
#!r# $ 0:9!r=R# (with particle emission radius r) are
consistent with fits to pion, kaon, proton, and lambda
transverse mass spectra and to pion source radii [5]. The
hadronic cascade model, RQMD, also generates trans-
verse flow through rescattering of hadrons [7]. Indeed,
turning off hadronic rescattering within this model shuts
off transverse flow [16]. In addition, RQMD includes
contributions from resonance decay, such as !, $, and
%, which shift pion and kaon emission times.

Figure 2 shows correlation functions C!k"# and ratios
C(=C& obtained from BWP and from RQMD with and
without hadronic rescattering. The calculated correlation
functions use model space-time and momentum distribu-
tions as described in [14], with pion and kaon kinematic
cuts chosen to match the data. The correlation functions
calculated for like-sign (unlike-sign) pairs are compared
to both !(-K( and !&-K& (!&-K( and !(-K&) experi-
mental correlation functions, as the calculation depends
only on the relative charge of pions and kaons. The small
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FIG. 1. Top panels: pion-kaon correlation functions C!k"#, the
average of C(!k"# and C&!k"#. Middle and bottom panels: ratio
of the correlation functions C( and C& defined with the sign of
the projections, k"out, k"side, and k"long. Errors are statistical only.
The horizontal axis of the ratios C(=C& for k"side (k"long) is
shifted by 1 MeV=c (2 MeV=c) to separate the error bars.
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Fig. 2. The C0
0 (top panel) and ℜC1

1 (bottom panel) components of the pion–kaon 
correlation functions in the 5–10% centrality class showing the non-femtoscopic 
background in the spherical-harmonic representation, positive field polarity. The 
background fit corresponds to a 6th order polynomial function common for all 
charge combinations. The two structures visible in the correlation function at 0.11 
GeV/c and at 0.29 GeV/c correspond to the remaining effect from track merging 
and the K∗ resonance, respectively. The statistical and systematic uncertainties are 
shown as vertical bars and boxes, respectively.

C(k∗) =
∫

S(r∗)|!πK(r∗,k∗)|2d4r∗
∫

S(r∗)d4r∗ , (3)

where the four-vector r∗ = x∗
π − x∗

K is the space-time position dif-
ference of a pion and a kaon, S(r∗) is the source emission func-
tion which is the probability of emitting a pair of particles at a 
given position difference. The possible dependence of the source 
on k∗ has been neglected. This approximation has been proven 
for radii larger than 1–2 fm [15]. !πK is the pion–kaon pair wave 
function. It accounts for the Coulomb and strong final-state inter-
actions (FSI), the former being dominant for the correlation ef-
fect [28].

In order to be able to compare the resulting radii to those 
obtained from identical-particle femtoscopy, we parameterise the 
source in the longitudinally comoving coordinate system (LCMS), 
defined for each pair such that the longitudinal pair momentum 
vanishes. The relative two-particle source can be expressed as

S(r) ∝ exp

(

− [rout − µout]2

2R2
out

− r2
side

2R2
side

−
r2

long

2R2
long

)

, (4)

where Rout, Rside, and R long are the femtoscopic radii in the three 
directions and µout is the emission asymmetry. In order to avoid 
a large set of fitting parameters, the relations Rside = Rout and 
R long = 1.3Rout are used, which are based on measured radii from 
identical pion femtoscopy from the same experimental data [16]. 
In this approach only two independent parameters are needed to 
characterise the correlation function for the whole system: µout
and Rout. In order to (numerically) compute the fit function corre-
sponding to Eq. (3), the relative positions between pions and kaons 

are sampled from Eq. (4), while their momenta are sampled from 
the respective experimental distributions from the same data set. 
The positions and momenta are then boosted from the LCMS to 
the PRF. The fit value is the mean wave function squared in the 
PRF.

The fitting procedure also accounts for the purity of the sam-
ple, defined as the percentage of the properly identified primary 
particle pairs originating from the 3D Gaussian profile, referred to 
as the “Gaussian core”. Products of decays of long lived resonances 
are considered as not correlated. Following the method proposed 
in [7], the values for the purity parameter depend on the misiden-
tification, on the secondary contamination from weak decays, and 
on the percentage of pions and kaons that come from strongly de-
caying resonances constituting the long-range tails in the source 
distribution, outside the Gaussian core. These three purity factors 
are denoted as p, f , and g , respectively. The pair purity (also re-
ferred to as the primary fraction) is evaluated independently for 
each centrality class and magnetic field polarity and is defined 
as:

Pπ± K ± = pπ± · pK± · fπ± · fK± · g. (5)

All parameters except g are obtained from a detailed simulation 
of the detector response calculated using the HIJING Monte Carlo 
model with particle transport performed by GEANT3. The g val-
ues are taken from a calculation in [7] following the methodology 
used in [28]. The total value of the pair purity is 0.73 for the 0–5% 
centrality class and decreases smoothly to 0.61 for the 40–50% 
centrality class.

The experimental finite momentum resolution has been in-
corporated in the fitting procedure. The ideal three-momenta of 
20 000 randomly selected pairs from analysed data per k∗ bin used 
in the fitting routine were smeared by the momentum-dependent 
experimental momentum and angular resolutions. These were ob-
tained from Monte Carlo simulations using a detailed description 
of the experimental set-up.

Each of the correlation functions obtained for the six event 
centralities, four charge combinations, and two polarities of the 
electric field have been fitted independently. The values of the 
radii and emission asymmetry are obtained using a χ2 minimi-
sation in the Rout − µout plane. The fitting is done in the range 
0 < k∗ < 0.1 GeV/c using the CorrFit package [42]. A fit example of 
the C0

0(k∗) and ℜC1
1(k∗) parts of the correlation function for π−K−

and π−K+ is shown in Fig. 3. Note that the poor χ2 values reflect 
the residual deviations from a Gaussian distribution, rather than an 
improperly performed fit. The non-Gaussianity comes mainly from 
combining different pair transverse momenta, representing three 
spatial dimensions in a one-dimensional correlation function, and 
the presence of daughters of short-lived (up to ω) resonance de-
cays.

The systematic uncertainties are estimated by varying the parti-
cle identification and selection criteria, the normalisation range of 
the correlation functions, the background fit range of the polyno-
mial that is used for estimation of non-femtoscopic contributions, 
the fit range, and the momentum resolution parameters used for 
smearing. Values of these variations and their individual contribu-
tions to the systematic uncertainty are summarised in Table 2. All 
the systematic uncertainties are evaluated independently for each 
centrality class and the maximum value is reported in the table. 
The primary pair fractions are treated separately. They introduce a 
significant and correlated systematic error for all centralities.

The final uncertainty is obtained combining the systematic and 
statistical uncertainties using the covariance ellipses method. For 
each of the eight fit results (pair combinations and magnetic field 
polarities) as well as for each systematic variation, 104 points are 
generated following a two-dimensional Gaussian distribution in 
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Fig. 4. Pion–kaon correlation functions in the Cartesian representation for all charge combinations. The C− is on the negative side of the k∗ axes while C+ is on the positive. 
The femtoscopic fits are shown as a solid black line and were computed using the CorrFit package. The statistical and systematic uncertainties are smaller than the markers.

Fig. 5. Pion–kaon source size (upper panel) and emission asymmetry (lower panel) 
for Pb–Pb collisions at √sNN = 2.76 TeV as a function of ⟨dNch/dη⟩1/3. The solid 
lines show predictions from calculation of source size and emission asymmetry 
using the THERMINATOR 2 model with default and selected values of additional 
delay with a mean time of "τ and width σt for kaons [28]. The statistical and 
systematic uncertainties are combined and shown as square brackets. The uncer-
tainty related to the fraction of primary pairs is reported separately as a correlated 
model-dependent systematic uncertainty of ±15% (20%).

default setting with no delay to a maximum of 3.2 fm/c extra 
emission time. This delay reduces the asymmetry produced natu-
rally which originates from the collective behaviour of the expand-
ing system created in the collisions modelled with THERMINATOR 
2 [43]. The agreement between the measured and predicted radii is 
good for peripheral events but measurements are larger by 1.5 fm 
for the most central events. On the other hand, the emission asym-
metry measurement follows the predicted trends for all centrali-
ties. The data points lie between the curves corresponding to time 
delays of 1.0 and 2.1 fm/c.

The model-dependent systematic errors of 15% and 20% for the 
radii and asymmetry, respectively, are present also in the theo-

retical prediction, as the same values for the fraction of particles 
within the Gaussian core are used to obtain the radii and emission 
asymmetry [7]. Therefore, this additional systematic uncertainty 
would synchronously move the results up and down and the pre-
diction lines without changing their interpretation.

6. Discussion

In this work the first femtoscopy analysis of pion–kaon pairs 
at the LHC is presented. The collective behaviour of the matter 
created in Pb–Pb collisions generates a natural asymmetry in the 
emission of pions and kaons due to their different masses. This is 
related to the kaon emission distribution, which is more strongly 
influenced by flow than pions [7]. The analysis was implemented 
using the spherical harmonics and the Cartesian representation of 
the femtoscopic correlation function. The non-femtoscopic back-
ground present in the raw ratios was subtracted using a combined 
fit to the four possible charge combinations. The final results are 
compared to state-of-the-art hydrodynamical calculations where 
an additional delay for kaons was introduced to mimic the be-
haviour during the hadron rescattering phase.

The radii values predicted by the theoretical calculation [28]
have several assumptions included in the particle distributions 
which are different from the experiment. One of them is that the 
presence of the strong interaction does not modify the emission 
asymmetry visible in the correlation functions. Our analysis con-
firms this statement; removal of strong interaction from the fit 
has significant influence on the radii (33%) but moderate influence 
on the emission asymmetry (9%). Even though pions and kaons 
have been selected according to ALICE acceptance and momentum 
ranges, the optimisation of the purity of the data sample modified 
the transverse momentum distribution. This experimental effect 
biases the distributions towards lower momentum values, hence 
it increases the source radii.

The obtained width of the relative pion–kaon source, Rout , can 
be compared to the pion and kaon source radii extracted from 
identical-particle correlation analyses added in quadrature. The 
pion–kaon pairs used in the current analysis are predominantly 
composed of soft pions (0.2 ≤ mT ≤ 0.3 GeV/c) and hard kaons 
(1.0 ≤ mT ≤ 1.3 GeV/c). The pion and kaon source radii measured 

6

ALICE, PLB813, 136030 (2021)

emission asymmetry parameter μout
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C(q) =

Z
S(r)| (r, q)|d3r

emission ソース関数 (基本的にはガウス関数を仮定)
2粒子系の波動関数 
終状態相互作用 (Coulomb, 強い相互作用) を含む

ソース分布関数の情報はある程度わかってきた。Coulomb相互作用も計算できるので、 
強い相互作用 (YN, NN, ３体 相互作用)をプローブする研究がここ数年で爆発的に増えている。 
特にALICE実験。（以前からもあったが）
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ALICE論文＋“femto” or “interaction” or “Bose”で検索  
36本の論文がヒット。そのうち2019年以降では、 
23/25の論文がハドロン間相互作用に関するもの。 
（proceedingsは除く。多少抜けはあるかも。）

2025/3/25の時点での検索
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TABLE III. Minimum and maximum uncertainty values for
various sources of systematic uncertainty for charged and neutral
kaons (in percent). Note that each value is the maximum uncertainty
from a specific source but can pertain to a different centrality or kT

bin. Thus, the maximum total uncertainties are smaller than (or equal
to) the quadratic sum of the maximum individual uncertainties.

Rout [%] Rside [%] Rlong [%] λ [%]

Charged kaon
Single-particle selection 0–2 0–2 0–2 0–2
PID and purity <0.1 <0.1 <0.1 1–10
Pair selection 2–8 1–6 2–10 6–15
Fit range 1–3 1–4 1–7 1–7
Coulomb function 3–5 1–2 2–3 8–10
Momentum resolution 1–2 1–2 1–3 2–6

Total (quad. sum) 7–11 7–9 7–12 10–17
Neutral kaon

Single-particle and 0–1 1–5 1–4 6–14
pair selection

Pair selection 2–8 1–6 2–10 6–15
FSI Model 1–6 1–6 1–15 3–9
γ 5–10 <0.1 <0.1 <0.1
Fit range 0–6 0–6 0–10 0–6
Momentum resolution <0.1 0–3 0–6 2–3

Total (quad. sum) 6–11 3–7 2–15 7–16

[52–55]; each set is used to fit the data, the results are averaged,
and the maximal difference was taken as a systematic error.

The K± analysis has uncertainties associated with the
choice of the radius for the Coulomb function. For each
correlation function it is set to the value from the one-
dimensional analysis [31]. Its variation by ±1 fm is a
source of systematic uncertainty. Another source of systematic
uncertainty is misidentification of particles and the associated
purity correction. A 10% variation of the parameters in the
purity correction was performed. We also incorporated sets
with a reduced electron contamination by (i) tightening the
PID criteria, in particular extending the momentum range
where the TOF signal was used and requiring the energy-loss
measurement to be consistent with the kaon hypothesis within
one sigma, and (ii) completely excluding the momentum range
0.4–0.5 GeV/c.
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FIG. 4. The 3D LCMS radii vs mT for charged (light green
crosses) and neutral (dark green squares) kaons and pions [19]
(blue circles) in comparison with the theoretical predictions of the
(3 + 1)-D Hydro + THERMINATOR-2 model [32] for pions (blue solid
lines) and kaons (red solid lines).

IV. RESULTS AND DISCUSSION

Figure 4 shows the mT dependence of the extracted
femtoscopic radii Rout, Rside, and Rlong in three centrality
selections for pions [19] and charged and neutral kaons.
The obtained radii are smaller for more peripheral collisions
than for central ones. The radii decrease with increasing
mT and each particle species roughly follows an m

−1/2
T

dependence. The radii in “out” and “long” directions exhibit
larger values for kaons than for pions at the same transverse
mass demonstrating that the mT scaling is broken. This
difference increases with centrality and is maximal for the
most-central collisions. Also presented in Fig. 4 are the
predictions of the (3 + 1)-D hydrodynamical model coupled
with the statistical hadronization code THERMINATOR-2 [32].
The model describes well the mT dependence of pion radii,
but underestimates kaon radii. Consistent with the data,
the (3 + 1)-D Hydro + THERMINATOR-2 model shows mild
breaking in the “long” direction for central collisions, but
it underestimates the breaking in the “out” direction. The

FIG. 3. A sample projected K0
SK0

S correlation function with fit. Also shown is the contribution to the fit from the quantum statistics part
only. The error bars are statistical only. Systematic uncertainties on the points are equal to or less than the statistical error bars shown.
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we normally observe through weak decay channels in the
laboratory are not K0 and K̄0 [23]. Neglecting the effects
of CP violation, the observed weak interaction eigenstates are
given by

∣∣K0
s

〉
= 1√

2
(|K0⟩ + |K̄0⟩),

(6)∣∣K0
l

〉
= 1√

2
(|K0⟩ − |K̄0⟩),

where |K0
s ⟩ and |K0

l ⟩ are the state vectors of the short- and
long-lived neutral kaons, to which experiments have access
via measurements of their decay products, which are mainly
pions. The state vector of the K0

s K0
s system is then given by

the expression

∣∣K0
s K0

s

〉
= 1

2 (|K0K0⟩ + |K0K̄0⟩
+ |K̄0K0⟩ + |K̄0K̄0⟩). (7)

Now, if a K0
s K0

s pair comes from K0K0(K̄0 K̄0), it is subject
to Bose-Einstein (BE) enhancement as it originates from an
identical boson pair. However, the K0 and K̄0 are two different
particles and one may not expect correlations if one K0

s comes
from K0 and the other one from K̄0. Nevertheless, it can be
shown [24] (see also Refs. [25–27]) that only the symmetric
part of the K0K̄0 amplitude contributes to the K0

s K0
s system

and thus also leads to a Bose-Einstein enhancement at small
relative momentum (on the contrary, only the anti-symmetric
part of the K0K̄0 amplitude contributes to the K0

s K0
l system

and leads to the “Fermi-Dirac like” suppression). The K0
s K0

s

correlation thus includes a unique interference term that may
provide additional space-time information. Here only the
K0

s K0
s correlation is considered because most of the K0

l decay
outside the STAR TPC and are not accessible.

The strong FSI has an important effect on neutral kaon
correlations due to the near threshold resonances, f0(980)
and a0(980) [28]. These resonances contribute to the K0K̄0

channel and lead to the s-wave scattering length dominated
by the imaginary part of ∼1 fm. Based on the predictions
of chiral perturbation theory for pions [29] the nonresonant
s-wave scattering lengths are expected to be ∼0.1 fm for both
K̄0K̄0 and K0K0 channels and can be neglected to a first
approximation.

To calculate the K0
s K0

s correlation function, we assume
K0’s and K̄0’s emitted by independent single-kaon sources so
that the fraction of K0

s K0
s pairs originating from K0K̄0 system

is α = (1 − ϵ2)/2, where ϵ is the K0 − K̄0 abundance asym-
metry. We have put α = 1/2 based on the negligible K+ − K−

abundance asymmetry of 0.018 ± 0.106 as measured under the
same conditions by the STAR experiment [30]. The correlation
function is calculated as a mixture of the average squares of
the properly symmetrized K0K0, K̄0K̄0 and nonsymmetrized
K0K̄0 wave functions, weighted by the respective K0

s K0
s

fractions. To average over the relative distance vector r⃗∗,
we use the Lednický and Lyuboshitz analytical model [28],
assuming r⃗∗ is distributed according to Eq. (5) with a Gaussian
radius R. The model assumes that the nonsymmetrized wave
functions #−k⃗∗ (r⃗∗) describing the elastic transitions can be
written as a superposition of the plane and spherical waves,

the latter being dominated by the s-wave,

#−k⃗∗ (r⃗∗) = e−ik⃗∗ r⃗∗ + f (k∗)
eik∗r∗

r∗ , (8)

where k⃗∗ ≡ Q⃗/2 is the three-momentum of one of the kaons in
the pair rest frame and f (k∗) is the s-wave scattering amplitude
for a given system. Neglecting the scattered waves for the
K0K0 and K̄0K̄0 systems [the corresponding f (k∗) = 0] one
obtains the following expression for the K0

s K0
s correlation

function [28]:

C(Q) = 1 + e−Q2R2 + α

[∣∣∣∣
f (k∗)

R

∣∣∣∣
2

+ 4ℜf (k∗)√
πR

F1(QR) − 2ℑf (k∗)
R

F2(QR)

]

, (9)

where F1(z) =
∫ z

0 dxex2−z2
/z and F2(z) = (1 − e−z2

)/z. The
s-wave K0K̄0 scattering amplitude f (k∗) is dominated by
the near threshold s-wave isoscalar and isovector resonances
f0(980) and a0(980), characterized by their masses mr and
respective couplings γr and γ ′

r to the KK̄,ππ and KK̄,πη
channels. Associating the amplitudes fI at isospin I = 0 and
I = 1 with the resonances r = f0 and a0 respectively, one can
write [28,31]

f (k∗) = [f0(k∗) + f1(k∗)]/2, (10)

fI (k∗) = γr

/[
m2

r − s − iγrk
∗ − iγ ′

r k
′
r

]
. (11)

Here s = 4(m2
K + k∗2) and k′

r denotes the momentum in the
second (ππ or πη) channel with the corresponding partial
width '′

r = γ ′
r k

′
r/mr .

There is a great deal of uncertainty in the properties of these
resonances due to insufficiently accurate experimental data and
the different approaches used in their analysis. Fortunately,
the dominant imaginary part of the scattering amplitude is
basically determined by the ratios of the f0KK̄ to f0ππ and
a0KK̄ to a0πη couplings whose variation is rather small [32].
In this article we use the resonance masses and couplings
from (a) Martin et al. [31], (b) Antonelli [33], (c) Achasov
et al. [34], (d) Achasov et al. [34] (see Table I) to demonstrate
the impact of their characteristic uncertainties on the calculated
correlation function.

We have taken into account the normalization and cor-
relation strength parameters N and λ by the substitution
C(Q) → N · [λ · C(Q) + (1 − λ)]. Following Ref. [35], we
have also included a small contribution of the inelastic
transition between the coupled-channels K+K−(≡ 2) and
K0K̄0(≡ 1) (see Appendix for more details). In addition to a
direct contribution of the average square of the corresponding
wave function #21

−k⃗∗ (r⃗∗) given in Eq. (12), this transition also
leads to a modification of the amplitude f (k∗) in the wave
function of the elastic transition in Eq. (8). Instead of Eq. (10),
this amplitude is now represented by the element f 11

c of a
2 × 2 matrix f̂c defined in Eq. (13). We have further considered
the correction )CKK̄ in Eq. (16) due to the deviation of the
spherical waves from the true scattered waves in the inner
region of the short-range potential, which is of comparable
size to the effect of the second channel.
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we normally observe through weak decay channels in the
laboratory are not K0 and K̄0 [23]. Neglecting the effects
of CP violation, the observed weak interaction eigenstates are
given by

∣∣K0
s

〉
= 1√

2
(|K0⟩ + |K̄0⟩),

(6)∣∣K0
l

〉
= 1√

2
(|K0⟩ − |K̄0⟩),

where |K0
s ⟩ and |K0

l ⟩ are the state vectors of the short- and
long-lived neutral kaons, to which experiments have access
via measurements of their decay products, which are mainly
pions. The state vector of the K0

s K0
s system is then given by

the expression

∣∣K0
s K0

s

〉
= 1

2 (|K0K0⟩ + |K0K̄0⟩
+ |K̄0K0⟩ + |K̄0K̄0⟩). (7)

Now, if a K0
s K0

s pair comes from K0K0(K̄0 K̄0), it is subject
to Bose-Einstein (BE) enhancement as it originates from an
identical boson pair. However, the K0 and K̄0 are two different
particles and one may not expect correlations if one K0

s comes
from K0 and the other one from K̄0. Nevertheless, it can be
shown [24] (see also Refs. [25–27]) that only the symmetric
part of the K0K̄0 amplitude contributes to the K0

s K0
s system

and thus also leads to a Bose-Einstein enhancement at small
relative momentum (on the contrary, only the anti-symmetric
part of the K0K̄0 amplitude contributes to the K0

s K0
l system

and leads to the “Fermi-Dirac like” suppression). The K0
s K0

s

correlation thus includes a unique interference term that may
provide additional space-time information. Here only the
K0

s K0
s correlation is considered because most of the K0

l decay
outside the STAR TPC and are not accessible.

The strong FSI has an important effect on neutral kaon
correlations due to the near threshold resonances, f0(980)
and a0(980) [28]. These resonances contribute to the K0K̄0

channel and lead to the s-wave scattering length dominated
by the imaginary part of ∼1 fm. Based on the predictions
of chiral perturbation theory for pions [29] the nonresonant
s-wave scattering lengths are expected to be ∼0.1 fm for both
K̄0K̄0 and K0K0 channels and can be neglected to a first
approximation.

To calculate the K0
s K0

s correlation function, we assume
K0’s and K̄0’s emitted by independent single-kaon sources so
that the fraction of K0

s K0
s pairs originating from K0K̄0 system

is α = (1 − ϵ2)/2, where ϵ is the K0 − K̄0 abundance asym-
metry. We have put α = 1/2 based on the negligible K+ − K−

abundance asymmetry of 0.018 ± 0.106 as measured under the
same conditions by the STAR experiment [30]. The correlation
function is calculated as a mixture of the average squares of
the properly symmetrized K0K0, K̄0K̄0 and nonsymmetrized
K0K̄0 wave functions, weighted by the respective K0

s K0
s

fractions. To average over the relative distance vector r⃗∗,
we use the Lednický and Lyuboshitz analytical model [28],
assuming r⃗∗ is distributed according to Eq. (5) with a Gaussian
radius R. The model assumes that the nonsymmetrized wave
functions #−k⃗∗ (r⃗∗) describing the elastic transitions can be
written as a superposition of the plane and spherical waves,

the latter being dominated by the s-wave,

#−k⃗∗ (r⃗∗) = e−ik⃗∗ r⃗∗ + f (k∗)
eik∗r∗

r∗ , (8)

where k⃗∗ ≡ Q⃗/2 is the three-momentum of one of the kaons in
the pair rest frame and f (k∗) is the s-wave scattering amplitude
for a given system. Neglecting the scattered waves for the
K0K0 and K̄0K̄0 systems [the corresponding f (k∗) = 0] one
obtains the following expression for the K0

s K0
s correlation

function [28]:

C(Q) = 1 + e−Q2R2 + α

[∣∣∣∣
f (k∗)

R

∣∣∣∣
2

+ 4ℜf (k∗)√
πR

F1(QR) − 2ℑf (k∗)
R

F2(QR)

]

, (9)

where F1(z) =
∫ z

0 dxex2−z2
/z and F2(z) = (1 − e−z2

)/z. The
s-wave K0K̄0 scattering amplitude f (k∗) is dominated by
the near threshold s-wave isoscalar and isovector resonances
f0(980) and a0(980), characterized by their masses mr and
respective couplings γr and γ ′

r to the KK̄,ππ and KK̄,πη
channels. Associating the amplitudes fI at isospin I = 0 and
I = 1 with the resonances r = f0 and a0 respectively, one can
write [28,31]

f (k∗) = [f0(k∗) + f1(k∗)]/2, (10)

fI (k∗) = γr

/[
m2

r − s − iγrk
∗ − iγ ′

r k
′
r

]
. (11)

Here s = 4(m2
K + k∗2) and k′

r denotes the momentum in the
second (ππ or πη) channel with the corresponding partial
width '′

r = γ ′
r k

′
r/mr .

There is a great deal of uncertainty in the properties of these
resonances due to insufficiently accurate experimental data and
the different approaches used in their analysis. Fortunately,
the dominant imaginary part of the scattering amplitude is
basically determined by the ratios of the f0KK̄ to f0ππ and
a0KK̄ to a0πη couplings whose variation is rather small [32].
In this article we use the resonance masses and couplings
from (a) Martin et al. [31], (b) Antonelli [33], (c) Achasov
et al. [34], (d) Achasov et al. [34] (see Table I) to demonstrate
the impact of their characteristic uncertainties on the calculated
correlation function.

We have taken into account the normalization and cor-
relation strength parameters N and λ by the substitution
C(Q) → N · [λ · C(Q) + (1 − λ)]. Following Ref. [35], we
have also included a small contribution of the inelastic
transition between the coupled-channels K+K−(≡ 2) and
K0K̄0(≡ 1) (see Appendix for more details). In addition to a
direct contribution of the average square of the corresponding
wave function #21

−k⃗∗ (r⃗∗) given in Eq. (12), this transition also
leads to a modification of the amplitude f (k∗) in the wave
function of the elastic transition in Eq. (8). Instead of Eq. (10),
this amplitude is now represented by the element f 11

c of a
2 × 2 matrix f̂c defined in Eq. (13). We have further considered
the correction )CKK̄ in Eq. (16) due to the deviation of the
spherical waves from the true scattered waves in the inner
region of the short-range potential, which is of comparable
size to the effect of the second channel.
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the smearing of the correlation function by the experimental mo-
mentum resolution has a negligible effect on the present measure-
ments. The three main features seen in this correlation function
are 1) a well-defined enhancement region for Q inv < 0.3 GeV/c,
2) a non-flat baseline for Q inv > 0.3 GeV/c, and 3) a small peak at
Q inv ≈ 1.15 GeV/c.

Considering feature 3) first, fitting a quadratic + Breit–Wigner
function to the invariant K0

s K0
s mass distribution, dN/dm(K0

s K0
s ),

around this peak, where m(K0
s K0

s ) = 2
√

(Q inv/2)2 + m2
K, we ob-

tain a mass of 1518 ± 1 ± 20 MeV/c2 and full width (Γ ) of
67 ± 9 ± 10 MeV/c2 (giving the statistical and systematic errors,
respectively). This is plotted in the insert to Fig. 2. Comparing
with the Particle Data Group meson table [17], this peak is a
good candidate for the f′2(1525) meson (m = 1525 ± 5 MeV/c2,
Γ = 73+6

−5 MeV/c2). This is the first observation of the decay of
this meson into the K0

s K0
s channel in pp collisions. A similar invari-

ant mass plot to that shown in Fig. 2 was made using PYTHIA for
comparison since it contains the f′2(1525) meson. No similar peak
was seen above background, thus showing that PYTHIA underesti-
mates the production of this meson in the present system.

In order to disentangle the non-flat baseline from the low-Q inv
femtoscopic enhancement, PYTHIA was used to model the baseline.
PYTHIA contains neither quantum statistics nor the K0

s K0
s → a0/f0

channel, but does contain other kinematic effects which could lead
to baseline correlations such as mini-jets and momentum and en-
ergy conservation effects [4]. PYTHIA events were reconstructed
and run through the same analysis method as used for the cor-
responding experimental data runs to simulate the same condi-
tions as the experimental data analysis. The PYTHIA version of
the invariant mass distributions shown for experiment in Fig. 1
yielded similar S/(S + B) values. As a test, the K0

s K0
s background

obtained from event mixing using PYTHIA events was compared
with that from experiment. Since the background pairs do not
have femtoscopic effects, these should ideally be in close agree-
ment. A sample plot of the experimental to PYTHIA ratio of the
background vs. Q inv is shown in Fig. 3 for the range Nch 1–11,
kT < 0.85 GeV/c. The average of the ratio is normalized to unity.
It is found that PYTHIA agrees with the Q inv-dependence of the
experimental backgrounds within 10%, even though PYTHIA under-
predicts the overall scale of K0

s K0
s production by about a factor of 2.

Since only ratios of PYTHIA K0
s K0

s distributions are used in disen-
tangling the experimental non-flat baseline, the overall scale factor
cancels out. The method of determining the systematic error of
using PYTHIA for this purpose is discussed later. The Monte Carlo
event generator PHOJET [18,19] was also studied for use in mod-
elling the baseline. When it was compared with the experimental
data using the same method shown for PYTHIA in Fig. 3, it was
found to not represent the shape of the experimental background
as well as PYTHIA, differing from experiment by >20%. It was thus
decided to not use PHOJET for this study.

K0
s K0

s correlation functions in Q inv were formed from the data
in four ranges: two event multiplicity (1–11, > 11) ranges times
two kT (< 0.85, > 0.85 GeV/c) ranges. About 3 × 108 experimen-
tal minimum bias events were analyzed yielding 6 × 106 K0

s K0
s

pairs. About 2.3 × 108 PYTHIA minimum bias events used for the
baseline determination were also analyzed. This was found to give
sufficient statistics for the PYTHIA correlation functions such that
the impact of these statistical uncertainties on the measurement
of the source parameters was small compared with the systematic
uncertainties present in the measurement.

The femtoscopic variables R and λ were extracted in each
range by fitting a model correlation function to the double ratio of
the experimental correlation function divided by the PYTHIA cor-

Fig. 3. Ratio of K0
s K0

s experimental background to PYTHIA background vs. Q inv for
the range Nch 1–11, kT < 0.85 GeV/c. The average of the ratio is normalized to
unity.

relation function, CDR(Q inv) = [C(Q inv)]exp/[C(Q inv)]PYTHIA, where
C(Q inv) is calculated via the ratio given in Eq. (1). The model cor-
relation function used in the fitting was the Lednicky correlation
function [13], CL(Q inv), based on the model by R. Lednicky and
V.L. Lyuboshitz [20]. This model takes into account both quantum
statistics and strong final-state interactions from the a0/f0 reso-
nance which occur between the K0

s K0
s pair. The K0

s spatial distribu-
tion is assumed to be Gaussian with a width R in the parametriza-
tion and so its influence on the correlation function is from both
the quantum statistics and the strong final-state interaction. This is
the same parametrization as was used by the RHIC STAR collabora-
tion to extract R and λ from their K0

s K0
s study of Au–Au collisions

[13]. The correlation function is

CL(Q inv) = λC ′(Q inv) + (1 − λ) (2)

where

C ′(Q inv) = 1 + e−Q 2
inv R2 + α

[∣∣∣∣
f (k∗)

R

∣∣∣∣
2

+ 4ℜ f (k∗)√
π R

F1(Q inv R)

− 2ℑ f (k∗)
R

F2(Q inv R)

]
(3)

and where

F1(z) =
z∫

0

dx
ex2−z2

z
; F2(z) = 1 − e−z2

z
. (4)

f (k∗) is the s-wave K0K̄0 scattering amplitude whose main contri-
butions are the s-wave isoscalar and isovector f0 and a0 resonances
[13], R is the radius parameter and λ is the correlation strength
parameter (in the ideal case of pure quantum statistics λ = 1).
α is the fraction of K0

s K0
s pairs that come from the K0K̄0 system

which is set to 0.5 assuming symmetry in K0 and K̄0 production
[13]. As seen in Eq. (3), the first term is a Gaussian function for
quantum statistics and the second term describes the final-state
resonance scattering and both are sensitive to the radius parame-
ter, R , giving enhanced sensitivity to this parameter. The scattering
amplitude, f (k∗), depends on the resonance masses and decay
couplings which have been extracted in various experiments [13].
The uncertainties in these are found to have only a small effect on
the extraction of R and λ in the present study. An overall normal-
ization parameter multiplying Eq. (2) is also fit to the experimental
correlation function.

Fig. 4 shows the experimental and PYTHIA K0
s K0

s correlation
functions for each of the four multiplicity–kT ranges used. Whereas
the experimental correlation functions show an enhancement for

Ks0ペアでは、クーロン相互作用はなく、強い相互作用の影響を考慮する必要あり。

STAR, PRC74,054902(2006)
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Fig. 1. Results for the fit of the pp data at √s = 13 TeV. The p–p correlation function (left panel) is fitted with CATS (blue line) and the !–! correlation function (right 
panel) is fitted with the Lednický model (yellow line). The dashed line represents the linear baseline from Eq. (5), while the dark dashed-dotted line on top of the !–! data 
shows the expected correlation based on quantum statistics alone, in case of a strong interaction potential compatible with zero.

only significant contribution is p–!→p–p, where the p–! inter-
action is modeled using the scattering parameters from a next-to-
leading order (NLO) χEFT calculation [41] and the corresponding 
correlation function is computed using the Lednický model. The 
remaining residuals are considered flat, apart from p–#−→p–!, 
p–$0 →p–! and p–#(1530)− →p–#− , where the interaction can 
be modeled. For the p–#− interaction a recent lattice QCD poten-
tial, from the HAL QCD collaboration [42,43], is used. The p–$0 is 
modeled as in [44], while p–#(1530)− is evaluated by taking only 
the Coulomb interaction into account.

After all corrections have been applied to Ctot(k∗), the final fit 
function is obtained by multiplying it with a linear baseline (a +
bk∗) describing the normalization and non-femtoscopy background 
[25]

Cfit(k
∗) = (a + bk∗)Ctot(k∗). (5)

Fig. 1 shows an example of the p–p and !–! correlation func-
tions measured in pp collisions at 

√
s = 13 TeV, together with 

the fit functions. The p–p experimental data show a flat behav-
ior in the range 200 < k∗ < 400 MeV/c, thus by default the slope 
of the baseline is assumed to be zero (b = 0) and the corre-
lation is fitted in the range k∗ < 375 MeV/c. The resulting r0
values are 1.182 ± 0.008(stat)+0.005

−0.002(syst) fm in pp collisions at √
s = 13 TeV and 1.427 ± 0.007(stat)+0.001

−0.014(syst) fm in p–Pb colli-
sions at √sNN = 5.02 TeV. In pp collisions at 

√
s = 7 TeV the source 

size is r0 = 1.125 ± 0.018(stat)+0.058
−0.035(syst) fm [25].

The systematic uncertainties of the radius r0 are evaluated fol-
lowing the prescription established during the analysis of pp col-
lisions at 

√
s =7 TeV [25]. The upper limit of the fit range for the 

p–p pairs is varied within k∗ ∈ {350, 375, 400} MeV/c and the in-
put to the λ parameters is modified by 20%, keeping primary and 
secondary fractions constant.

Two further systematic variations are performed for the p–p 
correlation. The first concerns the possible effect of non-femto-
scopy contributions to the correlation functions, which can be 
modeled by a linear baseline (see Eq. (5)) with the inclusion of 
b as a free fit parameter. The final systematic variation is to model 
the p–! feed-down contribution by using a leading-order (LO) [41,
45] computation to model the interaction. The effect of the latter 
is negligible, as the transformation to the p–p system smears the 
differences observed in the pure p–! correlation function out.

To investigate the !–! interaction the source sizes are fixed to 
the above results and the !–! correlations from all three data 
sets are fitted simultaneously in order to extract the scattering 

parameters. The correlation functions show a slight non-flat be-
havior at large k∗ , especially for the pp collisions at 

√
s = 13 TeV 

(right panel in Fig. 1). Thus the fit is performed by allowing a non-
zero slope parameter b (see Eq. (5)). The fit range is extended to 
k∗ < 460 MeV/c in order to better constrain the linear baseline. 
Due to the small primary λ parameters (see Table 1) the !–! cor-
relation signal is quite weak and the fit shows a slight systematic 
enhancement compared to the expected Ctot(k∗) due to quantum 
statistics only, suggestive of an attractive interaction. However, the 
current statistical uncertainties do not allow the !–! scattering 
parameters to be extracted from the fit. Therefore, an alternative 
approach to study the !–! interaction will be presented in the 
next section. Systematic uncertainties related to the !–! emission 
source may arise from several different effects, which are discussed 
in the rest of this section.

Previous studies have revealed that the emission source can be 
elongated along some of the spatial directions and have a mul-
tiplicity or mT dependence [46,47]. In the present analysis it is 
assumed that the correlation function can be modeled by an ef-
fective Gaussian source. The validity of this statement is verified 
by a simple toy Monte Carlo, in which a data-driven multiplicity 
dependence is introduced into the source function and the result-
ing theoretical p–p correlation function computed with CATS. The 
deviations between this result and a correlation function obtained 
with an effective Gaussian source profile are negligible.

Possible differences in the effective emitting sources of p–p and 
!–! pairs due to the strong decays of broad resonances and mT
scaling are evaluated via simulations and estimated to have at 
most a 5% effect on the effective source size r0. This is taken into 
account by including an additional systematic uncertainty on the 
r!–! value extracted from the fit to the p–p correlation.

4. Results

In order to extract the !–! scattering parameters, the correla-
tion functions measured in pp collisions at 

√
s =7, 13 TeV as well 

as in p–Pb collisions at √sNN = 5.02 TeV are fitted simultaneously. 
The right panel in Fig. 1 shows the !–! correlation function ob-
tained in pp collisions at 

√
s = 13 TeV together with the result 

from the fit.
Since the uncertainties of the scattering parameters are large, 

different model predictions are tested on the basis of their agree-
ment with the measured correlation functions.

One option is to use a local potential and obtain C(k∗) based 
on the exact solution from CATS, with the source size fixed to the 
value obtained from the fit to the p–p correlations. Many of the 

ALICE, PLB797(2019)134822 "-" correlation function

2021/11/09 ATHIC 2021 Moe Isshiki 12

Ø First measurement of Ξ-Ξ correlation in Au+Au collisions.

Ø Lattice QCD/chiral EFT calculations indicate an attractive 
interaction, but not strong enough to form a bound state [1,2].

Ø The result shows anti-correlation at *"#$ < 0.25 GeV/c.
- qualitatively matched with coulomb strength accidentally.
- to cancel quantum statistics (negative correlation), 

strong interaction needs to be positive correlation.

Ø Feed-down needs to be evaluated and Lednicky-Lyuboshitz
fit will be performed for further discussion.

Ø More events will be taken in 2023 and 2025.

[1] J. Haidenbauer et al., Eur. Phys. J. A 51: 17 (2015)
[2] T.Doi et al., EPJ Web Conf. 175 (2018) 05009

M. Isshiki, EPJ Web.Conf.259(2022)11015 
SQM2021, ATHIC2021

proton-proton相関 
QS + SI + Coulomb

Λ-Λ相関 
QS + SI

Ξ-Ξ相関 
QS + SI + Coulomb

バリオン相関なので、Fermi-Dirac Quantum Statistics (QS) = 負の相関 
- pp相関では、attractiveなStrong Interaction (SI)とrepulsiveなCoulombが支配的 
- ΛΛ相関では、ほぼQSと一致（SIが無くてもデータを説明できる） 
- ΞΞ相関では、dataとCoulomb相互作用がほぼ一致。QSとSIがちょうどキャンセル？ 
（大きな誤差＆feed-down補正していないのであくまで定性的な議論）
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Femtoscopy & correlation of nuclei Talk by Ke Mi (Thu T07-III)

Models incorporating coalescence provide a consistent explanation of deuteron formation at RHIC

First measurements of d-d 
femtoscopic correlation 

function at RHIC

Pearson coefficient of p-d with 
BES-I data indicates anti-

correlation, discriminates models 
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FIG. 2. Centrality dependence of the mid-rapidity correlation functions for p-d (top panel) and d-d (bottom panel) displayed
as a function of the relative momenta. Statistical and systematic uncertainties from the measurements are shown as bars and
boxes, respectively. The results of the Lednický-Lyuboshits (LL) fits are shown as the red-lines. Orange bands represent the
calculations from the SMASH model with coalescence procedure for the formation of deuterons plus CRAB afterburner while
gray bands show the model calculation with directly produced deuterons plus CRAB. Blue dashed lines are the results with
Coulomb interactions only.

correlation functions provide further evidence supporting
the notion that deuterons are primarily created through
the coalescence mechanism, as indicated by the previ-
ous measurements of collectivity and yields of light nu-
clei [46, 47] in high-energy nuclear collisions. Note that
the SMASH model itself does not incorporate the e↵ect
of quantum statistics or the final-state interaction (the
Coulomb potential and strong interaction) after kinetic
freeze-out, hence these are calculated by the ”Correla-
tion After Burner (CRAB) [48]”. The strong interaction
potentials for the p-d and d-d are adopted from previous
studies [49].

The final-state interaction for p-d and d-d has
been modeled using the Lednický-Lyuboshits (LL) ap-
proach [50, 51]. Theoretically the correlation function
can be expressed as

C (k⇤) =

Z
S(r)

��� 
⇣�!
k⇤,~r

⌘���
2
d3r (2)

where r is the relative distance of the particles that make
up the pair of interest. S(r) is the distribution of this
relative distance for particles emitted in the collision.

 
⇣�!
k⇤,~r

⌘
represents the wavefunction of the relative mo-

tion for the pair of interest. In this approach, the forward
scattering amplitude including Coulomb interaction can

be represented as:

fS

c
(k⇤) =


1

fS

0

+
1

2
dS0 k

⇤2 � 2

ac
h(⌘)� ik⇤Ac(⌘)

��1

(3)

where ac is the Bohr radius for particle pairs, ⌘ =
(k⇤ac)�1,

h(⌘) = ⌘2
1X

n=1

[n(n2 + ⌘2)]�1 � C � ln |⌘|

(here C = 0.5772 is the Euler constant), Ac(⌘) =
2⇡⌘(e2⇡⌘ �1)�1 is the Coulomb penetration factor, fS

0 is
the scattering length and dS0 is the e↵ective range for a
given total spin S. For p-d interactions, two possible spin
configurations are considered, S = 1/2 and S = 3/2, for
a doublet and quartet state, respectively. For d-d inter-
actions, one considers S = 0 and S = 2, for a singlet and
quintet state. To make the fc symmetric respect to iden-
tical fermions system, the S = 1, triplet state in the d-d
system is not taken into account because it is not relevant
to s-wave. The di↵erent spin configurations can not be
distinguished in these measurements, so spin-averaged re-
sults are presented. Throughout this paper the standard
sign convention is adopted, where, a positive f0 indicates
an attractive interaction in a baryon-baryon system, and
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FIG. 2. Centrality dependence of the mid-rapidity correlation functions for p-d (top panel) and d-d (bottom panel) displayed
as a function of the relative momenta. Statistical and systematic uncertainties from the measurements are shown as bars and
boxes, respectively. The results of the Lednický-Lyuboshits (LL) fits are shown as the red-lines. Orange bands represent the
calculations from the SMASH model with coalescence procedure for the formation of deuterons plus CRAB afterburner while
gray bands show the model calculation with directly produced deuterons plus CRAB. Blue dashed lines are the results with
Coulomb interactions only.

correlation functions provide further evidence supporting
the notion that deuterons are primarily created through
the coalescence mechanism, as indicated by the previ-
ous measurements of collectivity and yields of light nu-
clei [46, 47] in high-energy nuclear collisions. Note that
the SMASH model itself does not incorporate the e↵ect
of quantum statistics or the final-state interaction (the
Coulomb potential and strong interaction) after kinetic
freeze-out, hence these are calculated by the ”Correla-
tion After Burner (CRAB) [48]”. The strong interaction
potentials for the p-d and d-d are adopted from previous
studies [49].

The final-state interaction for p-d and d-d has
been modeled using the Lednický-Lyuboshits (LL) ap-
proach [50, 51]. Theoretically the correlation function
can be expressed as

C (k⇤) =

Z
S(r)

��� 
⇣�!
k⇤,~r

⌘���
2
d3r (2)

where r is the relative distance of the particles that make
up the pair of interest. S(r) is the distribution of this
relative distance for particles emitted in the collision.

 
⇣�!
k⇤,~r

⌘
represents the wavefunction of the relative mo-

tion for the pair of interest. In this approach, the forward
scattering amplitude including Coulomb interaction can

be represented as:

fS

c
(k⇤) =


1

fS

0

+
1

2
dS0 k

⇤2 � 2

ac
h(⌘)� ik⇤Ac(⌘)

��1

(3)

where ac is the Bohr radius for particle pairs, ⌘ =
(k⇤ac)�1,

h(⌘) = ⌘2
1X

n=1

[n(n2 + ⌘2)]�1 � C � ln |⌘|

(here C = 0.5772 is the Euler constant), Ac(⌘) =
2⇡⌘(e2⇡⌘ �1)�1 is the Coulomb penetration factor, fS

0 is
the scattering length and dS0 is the e↵ective range for a
given total spin S. For p-d interactions, two possible spin
configurations are considered, S = 1/2 and S = 3/2, for
a doublet and quartet state, respectively. For d-d inter-
actions, one considers S = 0 and S = 2, for a singlet and
quintet state. To make the fc symmetric respect to iden-
tical fermions system, the S = 1, triplet state in the d-d
system is not taken into account because it is not relevant
to s-wave. The di↵erent spin configurations can not be
distinguished in these measurements, so spin-averaged re-
sults are presented. Throughout this paper the standard
sign convention is adopted, where, a positive f0 indicates
an attractive interaction in a baryon-baryon system, and
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FIG. 2. Centrality dependence of the mid-rapidity correlation functions for p-d (top panel) and d-d (bottom panel) displayed
as a function of the relative momenta. Statistical and systematic uncertainties from the measurements are shown as bars and
boxes, respectively. The results of the Lednický-Lyuboshits (LL) fits are shown as the red-lines. Orange bands represent the
calculations from the SMASH model with coalescence procedure for the formation of deuterons plus CRAB afterburner while
gray bands show the model calculation with directly produced deuterons plus CRAB. Blue dashed lines are the results with
Coulomb interactions only.

correlation functions provide further evidence supporting
the notion that deuterons are primarily created through
the coalescence mechanism, as indicated by the previ-
ous measurements of collectivity and yields of light nu-
clei [46, 47] in high-energy nuclear collisions. Note that
the SMASH model itself does not incorporate the e↵ect
of quantum statistics or the final-state interaction (the
Coulomb potential and strong interaction) after kinetic
freeze-out, hence these are calculated by the ”Correla-
tion After Burner (CRAB) [48]”. The strong interaction
potentials for the p-d and d-d are adopted from previous
studies [49].

The final-state interaction for p-d and d-d has
been modeled using the Lednický-Lyuboshits (LL) ap-
proach [50, 51]. Theoretically the correlation function
can be expressed as

C (k⇤) =

Z
S(r)
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where r is the relative distance of the particles that make
up the pair of interest. S(r) is the distribution of this
relative distance for particles emitted in the collision.
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represents the wavefunction of the relative mo-

tion for the pair of interest. In this approach, the forward
scattering amplitude including Coulomb interaction can

be represented as:
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where ac is the Bohr radius for particle pairs, ⌘ =
(k⇤ac)�1,

h(⌘) = ⌘2
1X

n=1

[n(n2 + ⌘2)]�1 � C � ln |⌘|

(here C = 0.5772 is the Euler constant), Ac(⌘) =
2⇡⌘(e2⇡⌘ �1)�1 is the Coulomb penetration factor, fS

0 is
the scattering length and dS0 is the e↵ective range for a
given total spin S. For p-d interactions, two possible spin
configurations are considered, S = 1/2 and S = 3/2, for
a doublet and quartet state, respectively. For d-d inter-
actions, one considers S = 0 and S = 2, for a singlet and
quintet state. To make the fc symmetric respect to iden-
tical fermions system, the S = 1, triplet state in the d-d
system is not taken into account because it is not relevant
to s-wave. The di↵erent spin configurations can not be
distinguished in these measurements, so spin-averaged re-
sults are presented. Throughout this paper the standard
sign convention is adopted, where, a positive f0 indicates
an attractive interaction in a baryon-baryon system, and

Au+Au 3 GeV

parameters. The formula is averaged over spin and isospin
and considers only s wave in the scattering process.
Experimentally, the correlation function is defined as

Cðk"Þ ¼ ξðk"Þ ⊗ ½Nsameðk"Þ=Nmixedðk"Þ&, where ξðk"Þ
denotes the corrections for experimental effects (see the
Appendix for details), Nsameðk"Þ is the number of detected
particle pairs in a given k" interval obtained by combining
particles produced in the same collision (event), which
constitute a sample of correlated pairs, andNmixedðk"Þ is the
number of uncorrelated pairs in the same k" interval
obtained by combining particles produced in different
collisions (mixed events). In this work, the interest resides
in studying the final-state interaction for Kþ-d and p-d
pairs produced in pp collisions at

ffiffiffi
s

p
¼ 13 TeV. The

analyzed dataset is collected using an online trigger to
select high-multiplicity pp collisions to enhance the pair
sample size. Kaon (Kþ), antikaon (K−), proton (p),
antiproton (p), deuteron (d), and antideuteron (d̄) tracks
are reconstructed with the ALICE detector, and their
momentum in the laboratory frame p is measured in the
range p∈ ½0.2; 4.1& GeV=c. The particle identification is
carried out using measurements of the specific energy loss
in a time-projection chamber (TPC) and time-of-flight
(TOF) detector, resulting in samples of Kþ (K−), p (p̄),
d (d̄) with a purity of 99.8% (99.8%), 98.2% (97.9%), and
100% (100%), respectively, as estimated via Monte Carlo
simulations. Details on the experimental methods and the
evaluation of the systematic uncertainties are described in
the Appendix. Once the kaons, protons, and deuterons (and
charge conjugates) are selected and their three-momenta
measured, the correlation functions can be built. Since it is
assumed that the same interaction governs hadron-

hadron and antihadron-antihadron pairs [33], in the follow-
ing, the sum of particles and antiparticles is considered
(Kþ-d≡ Kþ-d ⊕ K−-d̄ and p-d≡ p-d ⊕ p̄ − d̄).
Figure 1 shows the Kþ-d (left panel) and p-d (right

panel) correlation functions as a function of k" measured in
pp collisions at

ffiffiffi
s

p
¼ 13 TeV with ALICE. Both corre-

lation functions are below unity for values of k" smaller
than 200 MeV=c, indicating an overall repulsive interac-
tion. The measured correlation functions are compared to
calculations performed using the LL approximation con-
sidering either only the Coulomb interaction or, in addition,
the strong interaction part determined by the scattering
parameters reported in Table I for the Kþ-d and p-d
systems. In order to compare the experimental data to
the LL calculations, the source term included in the formula
of the correlation function and the feed-down corrections
due to particle decays and residual background contribu-
tions are needed to match the experimental measurements.
The source term has been approximated as a Gaussian

distribution, whose width defining the source size needs to
be evaluated. The values of the p-d and Kþ-d source sizes
have been obtained from the results of independent
analyses of p-p, Kþ-p, and π-π correlations, which have
demonstrated the existence of a universal source for any
hadron-hadron pair in pp collisions at the LHC [40,64] and
have indicated that the source size decreases with an
increasing value of the pair transverse mass mT (see the
Appendix). In addition, further modifications of the source
distribution due to strong decays of short-lived resonances
decaying into protons and kaons have been taken into
account. For p-d pairs, an effective source size of
rp-deff ¼ 1.08( 0.06 fm has been obtained. For the Kþ-d
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FIG. 1. Measured Kþ-d (left) and p-d (right) correlation functions. The data are shown by the black symbols; the bars and the colored
boxes represent the statistical and systematic uncertainties, respectively. The square brackets show the bin width of the measurement,
while the horizontal black lines represent the statistical uncertainty in the determination of the mean k" for each bin. Data are compared
with theoretical correlation functions shown by colored bands obtained using the LL approximation. The bandwidths represent the
uncertainties in the determination of the radius and the residual contributions. See text for details.
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The second wave function that has been tested has been
obtained employing the hyperspherical harmonics (HH)
method [16]. It accounts for all the relevant two- and three-
body interactions at work in the p-(pn) system for the short
and the asymptotic range, it accurately describes the three-
body dynamics, and it is calculated using p-d scattering
observables [16–18]. The nuclear interaction includes the
AV18 two-nucleon (NN) [6] plus the Urbana IX (UIX)
three-nucleon (NNN) [8] and the Coulomb potentials. The
blue curve in the right panel of Fig. 2 has been obtained by
including the NN and NNN interactions only in the Jπ ¼
1
2
þ; 32

þ partial waves relative to the p-d system, which are
dominated by the s-wave contributions [69]. The nσ
distribution in the lower panel shows that this calculation
describes the data moderately well but fails in the small
relative momentum part. The agreement improves when
more partial waves up to Jπ ¼ 7

2
− are included in the

calculation, where the p wave contribute predominantly, as
it is shown by the red curve of the right panel of Fig. 2. The
correlation function from the full calculation is multiplied
by a baseline (gray curve in Fig. 2) that describes the
residual background. The parameters of the baseline are
obtained by fitting the data and driven by the large-k# region;
see the Appendix for details. The same background is used

for the comparison of the other calculations, and the curves’
widths represent the propagated uncertainty of the source
parameter and baseline. The full calculation describes the
experimental data very accurately, as indicated by the nσ
values for the red band remaining consistently close to or
below 1 across the entire range of k#.
As an additional check, the light red band in the right

panel of Fig. 2 shows the p-d correlation function calcu-
lated in pionless effective field theory [70] (pionless EFT)
calculation at next-to-leading order (NLO). The nuclear
interaction within this approach is much simpler than the
AV18þ UIX potential [69]; the NN interaction is deter-
mined by only the s-wave NN scattering lengths and
effective ranges up to NLO, while the NNN interaction
is fixed by either the 3H binding energy or the n-d s-wave
scattering length. For the pionless EFT calculation, the
additional uncertainty from truncating the EFTexpansion at
NLO can be estimated as 10%. Taking this into account, in
the regime where the theory is applicable (k# below the
pion mass of approximately 140 MeV=c), the pionless EFT
results are largely compatible with the HH calculation using
the AV18þ UIX force.
The fact that the experimental p-d correlation function

can be described only by a full-fledged calculation of a
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FIG. 2. Measured p-d correlation function plotted as a function of the p-d relative momentum k# alongside theoretical calculations.
The experimental data are represented by circular symbols. The black vertical bars and orange boxes correspond to the statistical and
systematic uncertainties, respectively. The square brackets indicate the measurement bin width, and the horizontal black lines represent
the statistical uncertainty in the determination of the mean k# for each bin. The nonfemtoscopic background contributions are
represented by the gray band of the cubic baseline. Left panel: the orange and turquoise bands depict calculations obtained using an
optimized Born approximation and Coulomb þ antisymmetrization of the three-particle wave function, respectively. Right panel: The
dark red band represents a fit of the modeled correlation calculated considering p-d as a three-body system with all relevant partial
waves (see text). The blue-colored band corresponds to a calculation that includes only Jπ ¼ 1

2
þ; 32

þ partial waves relative to the p-d
system, which are dominated by the s-wave contributions [69] and thus labeled with s#. The light red band represents a calculation of the
correlation function using pionless EFT at next-to-leading order (see text). All calculations are multiplied by the cubic baseline, and the
bandwidths of all calculations account for uncertainties in the determination of the radius and residual contributions. The lower panels
present the difference between the measured and calculated correlation function expressed as the number of standard deviations nσ
taking into account the statistical uncertainties of the data and the model uncertainties.
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- 相関関数は、deuteronの生成メカニズムにも敏感。 
- nucleon coalescence vs. direct production by scattering 
- コアレッセンスを取り入れたモデルの方がデータに合う 

- 小さい系では、point-likeな(p-d)システムとしての扱い(+LL formulaの限界)だとデータを説明できない 
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p + n + ⇡ $ d + ⇡

- p-(p-n)として扱うとデータをよく説明できる 
- 2体/3体相互作用 + full calculation of partial waves (low k*はp-waveの影響が大きい)
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まとめ
フェムトスコピー (HBT/GGLP相関) は粒子放出源の時空間分布の広がりを探るためのツールとして 

非常に有用であり、これまでに多くの研究がなされてきた。 

１次元から３次元解析へ、π中間子から他の粒子相関へ、さらに異種粒子相関へ 

３次元解析することで、系のサイズだけでなく形や時間情報、膨張の強さ、速度プロファイルなどを 
調べることが可能 

ハドロン間相互作用やダイバリオン探索のために、フェムトスコピーが再び脚光を浴びている 

今回触れられなかったトピックや今後の展望など 

‣ Initial tilt (ビーム軸に対するシステムの傾き)とdirected flowとの関連 

‣ (Direct) Photon HBT (QGPサイズを直接測定！PHENIXやALICEでpreliminary studyはあるが、論文はまだのはず？) 

‣ バリオンの３次元解析 

‣ 様々なハドロン間相互作用、散乱パラメータの制限 (本日の黒木さんのトーク、過去の大西さんのトーク)
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